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Abstract: Let M he a closed manifold, p a representation of 7ri(M) on an 
^-Hilbert model W of finite type {A a finite von Neumann algebra) and fj, a 
Hermitian structure on the flat bundle £ ^ M associated to p. The relative 
torsion, first introduced by Carey, Mathai and Mishchenko, [CMM], associates 
to any pair {g, t), consisting of a Riemannian metric g on M and a generalized 
triangulation r = (/i, g'), a numerical invariant, TZ{AI, p, /i, g, t). 

Unlike the analytic torsion Ta„, associated to (M, p, p., g), or the Reidemeister 
torsion Tueid^ associated to ^ = (Af , p, /i, g, r), which are defined only when the 
pair (Af, p) is of determinant class, TZ is always defined and when (Af , p) is of 
determinant class is equal to the quotient Tan/Tjieid- The purpose of this paper 
is to prove the following Theorem: 

Theorem (i) There exists a density ajr on M\Cr{h), which is a local quantity 
so that if p is parallel in a smooth neighborhood of Cr(h) then oljt vanishes on 
the neighborhood of the critical points and log 7^ = /^f^fj^j^) ctj^- ft'i-) If 1^ is 
parallel then TZ = 1. 

An exact formula for TZ is also provided. This theorem can be viewed as an 
extension of our result [BFKM] which says that in the case where (Af, p) is of 
determinant class and p is parallel then TZ = I. 
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0. Introduction and statements of the results 

Let M be a closed, connected manifold and p : F ^ Hom^{W) a representation 

of r := TTi{M) on an ^-Hilbert module W of finite type with A a finite von 
Neumann algebra. Denote by £" ^ M the vector bundle associated to M and 
p, equipped with the canonical flat connection V. Let p. he a Hermitian struc- 
ture of £ (not necessarily parallel with respect to the connection V). Denote 
by {Q{M;£),d) the deRham complex of smooth forms with values in £. Here 
dfc : fJ*^ — > 0'^+^ is the exterior differential determined by V. A Riemannian 
metric g on M together with the Hermitian structure /i on £ allow to introduce 
an inner product on fi'^ and therefore determine an adjoint of dk- Denote 
by Afc = d'^dk + the Laplacian on fc-forms. admits a regularized 

determinant det in the von Neumann sense. If (M, p) is of determinant class, 
these determinants do not vanish so that the analytic torsion can be defined, by 

logTan{M,p,g,p) := l/2^(-l)«+iglogdet A,. 

q 

These Laplacians can be used to introduce s— Sobolev norms on Q. Denote by 
Hs{A''{M;£)) the completion of Q,'' with respect to this norm. This leads to a 
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family of complexes Hg{h.{M;£)) of ^-Hilbert modules. 

As in [BFKM], a generalized triangulation of M is a pair r = {h,g') with the 
following properties: 

(Tl) /i : M — > H 15 a smooth Morse function which is selfindexing {h{x) = 
index{x) for any critical point x of h); 

(T2) g' is a Riemannian metric so that — grad^/ft satisfies the Morse - 
Smale condition (for any two distinct critical points x and y of h, the stable 
manifold W+ and the unstable manifold W~ , with respect to —gv&dg, h, intersect 
transversely); 

(T3) in a neighborhood of any critical point of h one can introduce local 
coordinates such that, with q denoting the index of this critical point, 

h{x) =q-{xl + ...+ x^)/2 + {xl^^ + . . . + xl)l2 
and the metric g' is Euclidean in these coordinates. 

A generalized triangulation r and a Hermitian structure /i determine the combi- 
natorial Laplacians A^"™** as follows: Let p : M — !■ M be the universal covering 
of M and denote by g and f = {h, g') the hfts of g and r on M. Denote by 
Crqih) C M, resp. Crq{h) C M, the set of critical points of index q of h, resp. 
h, and let Cr{h) = \JgCrq{h). Notice that the group F acts freely on Crq{h) 
and the quotient set can be identified with Crq{h). For each x G Cr{h) choose 
orientations Ox = (Cj , ) for the stable and unstable manifolds and 
so that they are F-invariant and denote 

Oh := {Ost\x e Cr{h)}. 

To the system {M, p, ij,,T,Oh,), we associate a cochain complex of finite type 
over the von Neumann algebra A, C = C{M, p, fi,T,Oh.) = {C. Sq}, where 
C = (Bx£Cr,(h)£xj which can be identified with the module of F-equivariant 
maps / : Crq{h) W, and the maps 6q : ^ C'+^ are given by 

where Uq : Crq{h) x Crq-i{h) — > Z is defined by y) := intersection number 
(Wj" n V, W-+ ny) with V ■.= h-^{q- i). The cochain complex C{M, p, p, r, Oh) 
depends on //, only via px,x <E Cr{h). Let A™™** := SqSq + 5q-i5*_i denote the 
combinatorial Laplacian. A^°™^ admits a regularized determinant det A™™'' in 
the von Neumann sense which, under the additional hypothesis of (M, p) be- 
ing of determinant class, does not vanish, and, under this hypothesis, allows 
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to define the combinatorial torsion and, given a Riemannian metric, the Reide- 
meister torsion. The combinatorial torsion is independent of the choice of Oh- 
The concept of determinant class introduced in [BFKM] Definition 4.1 will be 
reviewed in Appendix B. 

The relative torsion is a numerical invariant associated to = {M, p, ij, g,T). 
Unlike the analytic torsion Tan, associated to {M, p, fi,g), or the Reidemeister 
torsion T^pid associated to T = {M, p, fi, g.r), which are defined only when 
(M, p) is of determinant class, TZ is always defined. As shown in Appendix B, 
there are many pairs {M,p) which are not of determinant class. If {M,p) is 
of determinant class, then the analytic and Reidemeister torsion arc defined 
and the relative torsion is the quotient of these two torsions (cf (2.15)). To 
explain the way we define the relative torsion, we notice that the integration on 
the g-cells of the generalized triangulation r which are given by the unstable 
manifolds of — grad^/Zi, defines a morphism 

Int : {Q,d) {C,S), 

i.e. Intq : — > Cq is an ^-linear map so that Sglntq = Intq+idq (cf Appendix 

by F. Laudenbach in [BZ]). We would like to define the relative torsion of the 
system (M, p, p, g, r) as the torsion of the mapping cone defined by the integra- 
tion map. Unfortunately, the torsion of this mapping cone cannot be defined 
(at least in an obvious way); a first difficulty comes from the fact that the inte- 
gration maps Intk do not extend to closed maps, defined on a dense domain of 
Ho{A''{M;£)). However, for s sufficiently large, the integration morphism has 
an extension Ints 

Ints : Hs{A{M;E)) 
to a bounded morphism. We then consider the composition g^ 

gs : Ho{A{M;£)) ^^+IX^'' Hs{A{M;£)) ^ C 
and prove that gs induces an isomorphism in algebraic cohomology 



ifer(d/c)/range((ife_i) as well as in reduced cohomology Ker{dk)/T:aiige{dk-i) 
(cf Proposition 2.5). 

This implies that the mapping cone C{gs), defined by C{gs)k '■— C^^^ ® Hq 

-Sk-i gk-s 
ik 

complex (i.e. Kerd{gs)k/'<:&'^g^{d{gs)k-i) = 0). In particular the complex C{gs) 
is a cochain complex of ^-Hilbcrt modules (cf Lemma 1.11) whose Laplacians 
A(5s)fe are unbounded operators which admit a nonvanishing regularized deter- 
minant det A{gs)k in the von Neumann sense. One of the purposes of section 1 
is to establish this result. 



(A'^(M; f )), and (i(gs)fc := ( q ), is an algebraically acyclic cochain 
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The relative torsion TZg is defined as the torsion T{C{gs)) of the mapping cone 
C{9s), 



log7^, :=logT(C(<?,)) := - V(-l)'=+ifc logdet(A(5,)ft). 

^ k 

In this paper ( section 1), we show that logT^-g is independent of s [s sufficiently 
large) and thus provide a well defined number which we denote by log TZ. 

As first shown in [CMM] in a slightly different and less general presentation, one 
verifies that if (M, p) is of determinant class, then loglZ = log To„ — log Tijeid (cf 
(2.f5)) where Tam rcsp. Tueid, denotes the analytic torsion resp. Reidemeister 
torsion. The main result of [BFKM] can thus be stated as follows: When (M, p) 
is of determinant class and jjL is parallel then 1Z=\. 

In this paper we provide exact formulae for the change of the relative torsion 
when one varies the Riemannian metric g, the Hermitian structure /x, or the 
generalized triangulation r (Propositions 3.1-3.3). The main result of this paper 
is the following: 

Theorem 0.1 (i) There exists a density ajr on M \ Cr{h). which is a local 
quantity so that if p, is parallel in a smooth neighborhood of Cr{h) then aj^ 
vanishes on the neighborhood of the critical points and log TZ = JM\cr{h) 

(ii) If n is parallel then 7?. = 1. 

Following the work of Bismut Zhang [BZ], one consider the closed 1 form 
e{p,p) e Q}{M), the form ^{TM,g) e O^-^TM \ M) and for two hermi- 
tian structures pi and p2 (on the bundle £ ^ M induced from p,) the smooth 
function V{p, p\, p^) G f2°(M) cf Section 3. Denote by e{M,g) the Euler form 
associated with the Riemannian metric g. The triangulation r = {h,g') pro- 
vides the vector field X = — gradg/h which will be regarded as a smooth map 
X -.MX Cr{h) TM \ M. 



Proposition 0.1 If po is a hermitian structure on the bundle induced by p 
which is parallel in the neighborhood of Cr{h), then 9{p,po) vanishes in the 
neighborhood of Cr{h) and 

\ogTl=-l/2f e{p,po)hX*{^{TM,g)) + l/2 I V{p,p,pio)e{M,g)+ 

JM\Cr{h) JM 

+F{p) ■ x(M) 

where F{p) is a universal function defined on the space of representations of the 
group r. 



5 



It will be shown in [B] that the function F is identically zero. The above 
result in the case A = <D implies the the main result of [BZ] . The proof of 
Proposition 0.1 will be a straightforward application of Propositions 3.1- 3.3 and 
Theorem 0.1 and is contained in Section 4. The proof of Theorem 0.1, contained 
in Section 4, uses the Wittcn deformation of the deRham complex, given by the 
differentials dk{t) := e^^'iifee"'. We consider a deformation TZ{t) of the relative 
torsion TZ = 72.(0), induced by the Witten deformation of the deRham complex. 
Prom many different possibilities for defining the deformation TZ{t) wc choose 
one for which the variation ^ \ogTZ{t) can be computed. We define TZ{t) as the 
torsion of the mapping cone associated to 

(^Ho{AiM;£)),d{t)) (//o(A(M; f)), rf) ^ {C,S), 

which will be checked to be independent of s, cf Proposition 2.7 and Definition 
2.8. The variation of log7?.(f) can be computed to be (cf Theorem 2.1) 

(0.1) f^logn{t)=dim£,-J^^he{M,g), 

where e(M, g) is the Euler form of the tangent bundle equipped with the Levi- 
Civita connection induced from g. It follows that logTZ{t) is given by log 72 + 
tlMhe{M,g). 

To continue our discussion wc say that a function G : IR ^ IR admits an 
asymptotic expansion for t ^ oo if there exists a sequence ii > i2 > ■ ■ ■ > In = 
and constants {ak)i<k<N, {bk)i<k<N such that, as f — > oo, 

(0.2) G{t) = Ef akf" + Ef bkt'>' logt + 0(1). 

For convenience, wc denote by FT{G(t)) or FTt=oo{G) the coefficient a^r in 
the asymptotic expansion of G{t) and refer to it as the free term of the expan- 
sion. Notice that the equality (0.1) implies that logTl{i) admits an asymptotic 
expansion of the form (0.2) with log 72. as the free term. 

By different considerations outlined below, we derive the existence of an asymp- 
totic expansion for \ogTZ{i) of the form (0.2) and calculate the free term of this 
expansion as the integral on M \ Cr(h) of a local density expressed in terms of 
g, n and r. The proof of Theorem 0.1 will then be derived from the comparison 
of these two calculations. Using Witten deformation we decompose log TZ{t) into 
two parts 

l0g7^(^) = logUsmit) + logTiait), 

and show that each of the two parts admit an asymptotic expansion of the form 
(0.2) whose free terms can be computed. Precisely, we consider the Witten 
deformation {fl{M ; £) , d{t)) of the deRham complex, d{t) = e~*^de*^. For t 
sufficiently large, the deformed deRham complex can be decomposed, 
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(n{M,£),d{t)^ = © (niait),d{t)y 

corresponding to the small and the large part of the spectrum of the deformed 
Laplacians Ak{t). This decomposition induces the decomposition 

{Ho{A{M;£)),d{t)) = (fi,„,(t), ® {Hoja{t), d{t)). 

The complex {p,g^{t),d{t)) is of finite type. Denote by gs,sm{t) the restriction 
of Qs ■ e*'* to Osm(*)) where e*'' : Q{M,£) —>■ Cl{M,£) denotes the multiplica- 
tion by e*'*. The mapping cone C{gs,sm{t)) is a cochain complex of ^-Hilbcrt 
modules of finite type which is algebraically acyclic and has a well defined torsion 
denoted by IZsmit)- As in [BFKM, section 6], one verifies that {Ho,ia{t) , d{t)) is 
algebraically acyclic and has a well defined torsion, denoted by Tia{t). We prove 
that \ogTZ{t) — logTZsm{t) + logTia{t), cf section 4 statement (B). 

To prove that log TZsm (t) has an asymptotic expansion, we show that TZsm (t) = 
T{C{f{t))) (cf Proposition 4.1), the torsion of the mapping cone induced by 

f{t) : (n,m{t),d{t)) {n,d) (c,(5) 

and use the Witten-Helffcr-Sjostrand theory as presented in [BFKM] to prove 
that \ogT{C{f{t))) admits an asymptotic expansion of the type (0.2) and to 
compute its free term (Proposition 4.1). To analyze logTira(t), we proceed 
as in [BFKl] or [BFKM]. We derive the existence of an asymptotic expan- 
sion for \ogTia{t) and a closed formula for its free term from Theorem 4.2 iii). 
This results states the existence of an asymptotic expansion for the difference 
logT;a(t) — logTia(t) whcrc {M, p, n, g,T) and {]\4 , p, fl,g,f) are two systems 
whose Morse functions h and h have the same number of critical points in each 
index, and provides a formula for its free term. 

The paper is organized in 4 sections and two appendices. 

Section 1: In subsection 1.1 we single out a class of unbounded .4-linear opera- 
tors on ^-Hilbert modules ( ^ is a von Neumann algebra with finite trace ) for 
which the regularized determinant can be defined and in subsection 1.2 a class 
of complexes of ^-Hilbert modules for which the Laplacians are operators in 
the above class. Therefore the torsion of an (algebraically) acyclic complex of 
such type can be defined. These abstract results are needed because the map- 
ping cone of (a regularized version of) the integration map between the deRham 
complex and the combinatorial complex has its components direct sums of A- 
Hilbert modules of finite type and completions (with respect to a Sobolev norm) 
of spaces of smooth sections in smooth bundles of ^-Hilbert modules of finite 
type (cf. [BFKM] for definitions). We show that the mapping cone of a reg- 
ularized version of the integration map is a complex of the type introduced in 
subsection 1.2. 
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Section 2: Using the results of section 1, we introduce in subsection 2.1 the 
notion of relative torsion TZ and in subsection 2.2 the Witten deformation 7?.(t) 
of the relative torsion TZ and calculate its variation. 

Section 3: Wc investigate how the relative torsion TZ{M, p,T, g, jj.) varies with 
respect to the Riemannian metric g, the Hermitian structure n and the trian- 
gulation r. 

Section 4: We prove Theorem 0.1 and Proposition 0.1. 

Appendix A: For the convenience of the reader we present a proof of a slightly 
stronger version of a Lemma due to Carey-Mathai-Mishchenko. 

Appendix B: We review the concept of determinant class and provide a simple 
example of a pair {M,p), M := and p a representation of 7ri(S'^) = Z on 
h{'^), which is not of determinant class. The existence of such pairs legitimizes 
the concept of relative torsion. 

Throughout the paper the notions of trace (denoted by Tr), dimension, deter- 
minant etc. are always understood in the von Neumann sense. 

1 Operators and complexes 
1.1 Operators 

Let >Vi,W2 be ^-Hilbert modules and ip : Wi W2 an operator. Denote its 
domain by domain((y9) C Wi and its range by icange{ip) = ipidomain(ip) J C >V2- 



Introduce the following properties of tp. 
Op{l) If is A-linear. 

Op{2) if is densely defined, i.e. domain((^) = Wi. 

Op(3) if is closed (i.e. the graph r((^) of is closed in Wi x W2). 

If, instead of Op(3), satisfies 

Op(3)' (p is closahle 

we consider the minimal extension of ip and denote it again by </?. 

In the sequel, we will not distinguish between property Op(3) and Op(3)'. 

An operator (p satisfying Op{l) — Op{3), admits an adjoint, p* (cf. e.g. [RS, p 
316]) and we can consider the nonnegativc, sclfadjoint operator p*(p. Functional 
calculus permits to define the square root \ip\ := {ip*py/^. Then, for any <t < 
00, the heat evolution operator e"*'*'' is bounded, nonnegative and selfadjoint. 
The operators \ip\ and e~*l'i^l satisfy the properties Op{l) — Op{3). In the sequel. 
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if not mentioned otherwise, we assume that the operators considered satisfy 
Op{l) - Op{3). 

Denote by dP{X} = dP\^\{X) the (operator valued) spectral measure associated 
to defined by the orthogonal projectors P|^|([0, A]) (0 < A < oo) 

A4 



^'m([0,A])= / ^dPH(A). 
Jo- 



Most of the operators (fi considered in this paper will satisiy the following im- 
portant property 

Op{A) TrP\^\{[a, b]) < 00 (for any < a <b < 00) 
where 

(1.1) P|^|([a,6]):=/„'+dPH(A). 

If (p satisfies Op(4) one can define the Stiltjes measure dF|y|(A) on the half line 
(0, 00), given by (0 < a < 6 < 00) 

(1.2) /^'_+dP|^|(A)-TrP|^|([a,6]). 

The next two properties concern the asymptotic behavior of TrP{[a,b]) for 
b y 00 and a \ : 

Op(5) There exists a > such that 

TrP|^|([l,A]) = 0(A«) for A/ 00 

and 

Op(6) rrP|^|([Aa])=0(l)/orA\0. 

If ip satisfies properties Op(4) and Op{6) one can define the spectral distribution 
functions, associated to \(p\, 

(1.3) F+ (A) =TrP|^|((0,A)); F|^|(A) := TrP,^, ((-00, A)). 

The spectral distribution function P|^|(A) can be described variationally as fol- 
lows, (A > 0) 

(1.4) P|^|(A) = sup{dimL\L C domain(|i^|), _L Kenp, is an ^-Hilbert 

submodule with |||<^|(a;)|| < A||a;|| Va; e L} 
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(cf e.g. [GS], [BFKM]). 

If, in addition, ip satisfies also Op{b), one can define the heat trace 0|<^|(f) asso- 
ciated to (excluding zero modes) 

(1.5) eH(0:=/o>-*^ciJ^|+|(A)(t>0). 

Using integration by parts in the Stiltjes integral (1.5) one concludes from Op(5) 
that 

(1.6) e|^|(0 = 0(i-«) (i\0). 

Next, let us introduce the 'partial' zeta function C[,y,|(*) associated to the heat 
trace d\tp\{t) and defined for s G C with Res > a (with a given by Op(5)) 

(1-7) CUis) := ^ t^-'e\^i{t)dt 

where r(,s) denotes the gamma function. Notice that C[,^|(*) is holomorphic in 
the halfplane Res > a. 

The following property is needed to define the notion of regularized determinant: 
Op{7) Cf^iC*) ^'^^ ^'^ analytic continuation at s = 0. 

A sufficient condition for Op{7) to hold is the existence of an asymptotic expan- 
sion of 0|^|(t) near t = of the form 

(Asy) 9\^\ ^ Y.J=o + a™ + ^(*) where m e Z>o, < a^n-i 

< ... < ao, ao, ■ ■ ■ ,am £ IR and where R{t) is a bounded, continuous 
function with R{t) = 0{tP) for some p € ]R>o- 

The fact that (Asy) implies Op{7) follows from the following lemma, using 
integration by parts. 

Lemma 1.1 Let / : (0, 1] ^ H 6e a continuous function of the form 

m— 1 

fit) = ajt-<^' + a™ + R{t) 

3=0 

with ao, . . . , Om, cto, ■ ■ ■ , ctm-i o,nd R{t) as in (Asy). 

Then, the holomorphic function ^(cc) := t^~^ f{t)dt, defined for Res > 

ao, has a meromorphic continuation to the half plane Res > —p with p > 
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as in {Asy). It has only simple poles, located at s = aj (0 < j < m — 1). In 
particular, ^(s) is regular at s = and ^(0) = am- 

Some of the operators (fi we will consider have the property that is not in the 
spectrum, i.e., 

Op{8) There exists e > with the property that TrP\^\{[0,s]) = 0. 
If (fi satisfies the properties Op{l) — Op{8), then 

(1.8) 6'|<^|(t) = 0(e'*^/2) for t oo. 

Thus t^~^9\^\{t)dt is an entire function of s and, as a consequence, 

(1.9) cU.s):=^J^^f^-^0^^^{t)dt 
is a holomorphic function in s £ (D with 

(1.10) Cf^|(o) = o. 

(Actually for C"|(*)) no zeta regularization is needed (cf [BFKM], subsection 
6.1).) 

For operators (p satisfying properties Op{l) — Op{8), one can introduce the zeta 
function C\,p\{s) 



(Mis) := CUs) + CUs) = — t^-'0\,^{t)dt 

for Res > a which has an analytic continuation at s = 0. This allows to define 
the volume of the operator (p, Volip, by 

(1.11) logVol{ip) := logdet\^\ := -^|s=o Cm{s). 



Definition 1.2 1. An operator : Wi — > W2 is said to be of sF type (strong 

Fredholm type) if 

(i) ip satisfies Op{l) — Op{6) and 

(ii) dim{Kerip) := TrP|^| ({0}) < 00. 

2. An operator ip is a bounded operator of trace class if 
(i) ip is bounded (hence satisfies Op{l) — Op{3)); 
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(ii) ip satisfies Op(4); 



(Hi) \\ip\\tr ■■= /o^ AdF|^|(A) < 00. 



3. An operator ip is said to be (^-regular if ip satisfies Op{l) — Op{7). 
4- An operator ip is a bounded operator of finite rank if 



(i) <p> is bounded; 



(ii) (iimf range((p) ) < co. 



(As a consequence, ip satisfies Op{4) — Op(6) and (Asy) with m = and 
p=l and thus, Op{l) — Op{7) hold.) 

Notice that an operator ip : Wi of sF type might not be bounded in the 

case where dimWi = oo. 

Proposition 1.3 (cf [Di]) Let ?i : Wi ^ W2 and v : W2 VV3 be bounded 
operators with u, respectively v, of trace class. Then the composition vu is a 
bounded operator of trace class and \\vu\\tr < ||w|| ||u||tr, ''especfTOe/y, < 

M\tr \\u\\- 

As the proof of Proposition 1.3 is fairly standard, we omit it. The following 
result will be used in the proof of Proposition 1.5, stated below: 

Lemma 1.4 Assume that (p : W ^ W is a nonnegative, self adjoint operator 
(i.e ip = \'p>\) of sF type. Let < a < b and assume that e > satisfies 
£ < F^p(a). Then one can choose a smooth function f € C^(]R>o;lR) such 
that f{(p>) is a bounded operator of finite rank (hence f{ip) is of trace class and 
commutes with ip ) with the following properties: 

(i) Fy+/(y,)(A) = for X < a (in particular, ip + /(v?) is 1-1); 

(ii) Fy+/(y)(A) >£ for X>a; 
(Hi) F^+/(^)(A) = F^(A) for X>b. 

Remark This lemma will be applied in the case when is a pscudodifferential 
operator. Then ip can be chosen so that f{ip) is a smoothing operator. 

Proof Let g : [0, 00) ^ H be a smooth, increasing function defined on [0, oc) 
with g{X) = a for A < a, g{X) < A for a < A < 6 and g{X) = A for A > 6. Let 
/(A) := g{X) — X and define 
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Proposition 1.5 

(A) 7/ : W — > VV is of sF type and u : W ^ W is a bounded operator of sF 

type, then ip + u is of sF type. 

(B) If, in addition, </? and ip + u are selfadjoint, nonnegative operators and u 
is of trace class, then there exists e > so that the difference Cj,(s) — C^+u(s)) 
defined for Res 0, 

has a,n analytic continuation to Res > —e and its value at s = is equal to 
dim{Ker(p) — dim{Ker{(p + u)). 

Remark If u is a bounded operator and ip and u are operators as in Proposition 
1.5(B), one can, instead of 9^{t) and 9^+y{t), consider the function 6^^v{t) := 

Trve-*f(jd - ^^=({0})) and similarly, e^+u,v{t) ■= TTOe-*(^+") (^7rf - P<^+„ 
({0}))- Notice that for v = Id, 6,pjd{t) = 0,p{t) {t > 0). Both expressions, 

Clvis) ■■= r^l't^-^0^^„{t)dt and C^+„,,(s) := t'-^0^+uAt)dt, define 

holomorphic functions for Res » and by the same arguments as in the proof 
of Proposition 1.5(B) (cf below) their difference is holomorphic for Ties > —s 
for some e > and its value at s = is Tr{vP^{0}) — Tr(wP^+„{0}). 

Proof of Proposition 1.5 (A) Since ip satisfies Op{l)—Op{3) and u is bounded, 
(p + u satisfies Op{l) and Op{2) as well. One verifies in a straightforward way 

that the graph of p + u is closed (and thus Op{3) is valid) and the null space 
Ker{ip + u) has finite (von Neumann) dimension. It remains to check that 
Op(4) and Op{5) hold for (p + u. To see it, notice that, again by the variational 
characterization of the spectral distribution function, 7'^+„(A) < F^(A+||w||) < 
oo VA. Thus 

F^+„(A) = 0(A") for A / 00 
where a is given by Op{5), satisfied by ip, and 

Fy+„(A) = 0(1) for A \ 
as ip satisfies Op{4) and Op{5). 

(B) First we prove (B) in the case where u is of the form u = f{p) with 
/ G C°° ^[0, oo); being of compact support and such that p + f{p) is 1- 

1. We claim that h{t) := Oy,^u{t) — Oip{t) is real analytic near t = and 
satisfies /i(0) = dim(Ker<^). From Lemma 1.1 one then concludes that the 
difference C^(*)~C^+/(^)(s) = r(sy t^~^h{t)dt is well defined and holomorphic 
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in s for Res > a, has an analytic continuation to Res > — 1 and takes value 
dim(Ker(^) at s = 0. To prove that h{t) is real analytic in t near t = and 
satisfies h{0) = dim{KerLp) we argue as follows: Since (p and f{(p) commute, 
e-tiv+fiv)) _ e-*v = e-*'^(e-*-^('^) - !)• By assumption, / has compact support, 
i.e. suppf C [0,K] for some K > 0. Therefore 

Jo Jo 

where ifK '■= XdP^{X) is (p restricted to L := rangeP([0, iiT]). 

Using that F^j^ (A) is constant for A > i^, we conclude, integrating by parts, 

hi{t) := Tre-*^^- (e-'-/(^^^)-l) = /(f e-*^(e-*^(^)-l)ciF^^(A) = 
= e-'^{e-'J'^^'> - l)F(A) ^ 

-t e-*^ (e-*/(^) - 1 + e-*/(^)/'(A)) F^, {X)dX 

which is real analytic in t and satisfies /ii(0) = 0. Further, one obtains 

h,{t) := Tr(e-*(^-+/('^-))p^,+/(^,)({0})-e-*'^-P^,({0})) 

= e-*/(°) dim(Ker((^ + f{ip))) - dim(Kerv.) = - dim(Kery.) 

which is real analytic in t as well and satisfies /i2(0) = — dimKer((/7). We 

conclude that h{t) = hi{t) — /12(f) is real analytic in t and h{0) = dim(Kcrij3). 
To prove (B) in the general case it suffices, in view of the first step and Lemma 
1.4, to consider operators ip and u so that, in addition, <p and ip + u are 1-1 and 
satisfy Op{8). These additional properties allow to represent C<^(s) and Cj;+ii('^) 
by a contour integral as follows: Choose e > so that F^f, (A) = F^+u (A) = for 
< A < e and consider the contour = r_ U To U r+ defined by 

r_ := {z = re-''^\oo >r> 0};To := {z = ^e'^\ - tt < ji < tt}; 
r+ = {z = re"\el2 < r < 00}. 

For A G Tsi2, X — ip and X — p — u are both invertible and one computes 

R{\) (A-(p-u)-i - (A-(p)-i = 

= {X — p))~^u{X — p> — u)~^ . 

As u is a bounded operator of trace class we conclude by Proposition 1.3 that, 
for A G T^/2tR{X) is a bounded operator of trace class as well. By a standard 
argument one shows that for A G r£/2) 
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(1.12) ||(A-^)-i||<^ (<ji5) 
(1.12') \\(X-^-u)-^\\<j^ (<^). 

These estimates allow to represent the difference A{s) := C^{s) — Cji+u(s) by the 
following contour integral 

(1.13) A{s) = ^i. J^^^^ X-^TrR{X)dX = Ao{s) + A+{s) + A_{s) 
where 

(1.14) ^ A±{s) = ^. \-^TTR{\)d\. 
(1.14)„ Ao(s) = ^i- /j,^ \-^TrR{\)d\. 

Notice that Ao(s) is holomorphic function for s G (D and A±{^s) are holomorphic 
functions in a neighborhood of s = due to the fact that /^'Jj {x+z)'^ '^^ 
absolutely convergent for |s| sufficiently small. Moreover, Ao(0) = and ^+(0)+ 
^(0) = 0. ■ 

Examples 1.6 

1. y> : Wi W2 bounded and dimWi < oc: then Lp satisfies Op{\) — Op(7) and 
is of trace class. In fact, Op{(!)) follows from (Asy) which holds with m = and 
p = 1. Since Kerip C Wi is of finite dimension, (p is of sF type. 

2. (f : yVi — > is bounded and dimW2 < 00 : then the adjoint tp* of (p is as in 
Example (1). Therefore <f satisfies Op{l) — Op{6) and (Asy) with m = 0, p = 1. 
Moreover ip is of trace class. However the dimension of the nuUspacc Kerp 
might not be finite. Therefore, it is useful to reduce ip) io (p : yV\/Ker<p} W^- 
Then (p is injective and bounded and dim{Wi/Kerip) < 00. 

3. ip of finite rank: then the reduced map (p : Y^xlKerip W2 is bounded and 
injective and fits either into (1) or (2). 

4. Suppose (M,g) is a closed Riemann manifold and 5 — > M is a smooth bundle 
of ^-Hilbcrt modules of finite type, equipped with a Hcrmitian structure /i and 
a smooth connection V so that the .4-action is parallel. Using (7, \i and V one 
can define inner products (•,•)« of Sobolev type on the space of smooth sections 
on £,C°°{£). (For s = 0, the connection V is not needed.) The completion 
of C°°{E) with respect to (•, •)s is a Hilbert space denoted by Hg{£). Different 
choices of g, fj,, V lead to the same topological vector spaces Hs{£), with different 
inner products, but equivalent norms. 
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A pseudodifferential operator {"^DO) of order d induces operators A : Hs{£) — *■ 
Hs'{S) which are bounded if s' < s-d. The operator (A + id)-*'/2^(A + id)V2 . 
L2{£) ^ L2{£) has a kernel of class C*^ if.s' < s — d—k — dimM. If^is an elliptic 
^DO of order d > it satisfies Op{l) — Op{7) and (Asy) (with m := diniM and 
p= 1/k) cf [BFKM] section 2. Hence A is a C-regular operator of sF type. 



1.2 Complexes 

In this subsection we introduce the class of (^-regular complexes of sF type and 
define their algebraic and reduced cohomology. In the case where a C-regular 
complex of sF type is algebraically acyclic or, more generally, of determinant 
class, one can define its torsion. We recall Milnor's lemma which relates the 
torsions of a short exact sequence of complexes of finite (von Neumann) dimen- 
sion. Further, within our class of complexes, wc discuss the notion of a mapping 
cone which is a complex induced by a morphism / between two complexes 
and show that if / is of trace class and induces an isomorphism in algebraic 
cohomology then the mapping cone is algebraically acyclic. Proposition 1.15 
relates, under appropriate conditions, the torsions of the mapping cones of two 
morphisms and their composition. The class of ^-regular complexes of sF type 
has been chosen so that it includes the mapping cone of a regularized version 
of the integration map between the deRham complex and the combinatorial 
complex, which will be discussed in section 2. 

A cochain complex C = {Ci,di) of .4-Hilbert modules, 

^ do ^ di ^ djv-l „ 

Co — > C-i ^ . . . ^ Ctv-i — > Cat 

consists of a finite sequence of .A-Hilbert modules Ci(0 < z < A'') and operators 
di : Ci ^ Ci+i, satisfying Op{l) — Op{3), with the property that ra,nge{di) C 
domain(rf,+i) and di+idi = 0. 

Notice that the null space Kerdi is always an >l-Hilbert submodule. 



Definition 1.7 ForO<i< N : 

algebraic cohomology: W{C) := Kerdi /va.nge{di-\) 

reduced cohomology : H^{C) := Kerdi/vange{di-i). 

We point out that the reduced cohomology H (C) is an .A-Hilbert module 
whereas the algebraic cohomology W{C) is, in general, not an .4-Hilbert module, 
as range(rfi_i) needs not to be closed. W{C) is always an A- module. 
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Given a complex {Ci, di) we can define the adjoint operators d^ : Ci+i Ci and, 
in turn, the Laplacians A,, 

(1.15) Ai = d*di + di_^d*_^ 

as well as the Hodge decomposition Ci='Hi®Cf ® where 

(1.16) Hi := Ker{di) n Ker{d*_-^). 









' \ 

















; 


d*= 1 







I 








/ 




V 


d* 





(1.17) C+ := range(di_i); Cr := range(rf*). 

With respect to this decomposition, the operators di,d^ and Aj take the form 



(1.18) di 




Ai = I d,_,dU 
d*di 

We write A+ := and A^" := d*di Note that d^ : ^ C.+^i and 

d* : Cj^_j — > Cj~ are injective operators with dense image, (hence so are A+ and 
A^,)and Hi is isometric to the reduced cohomology S^(C). 



Definition 1.8 

(i) The cochain complex C = {Ci,di) is said to be of sF type if 

( CXI ) the operators d^ satisfy Op{l) — Op(6) ( and hence, in view of the injectivity 
ofdi, are of sF type); 

(CX2) dimUi < oo. 

(a) A complex {Ci,di) of sF type is called (^-regular if, in addition, 

(CX3) the operators d^ satisfy Op{7). 

(Hi) A complex (Ci,di) is said to be of finite type (of finite dimension), if the A- 
Hilbert modules Ci are of finite type (of finite dimension) and the operators 
di are bounded. 



Remark 1 The conditions (CXI) and (CX2) are equivalent to 
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[CX12) the Laplacians Ai are of sF type 

and the three properties (CX1)-(CX3) arc equivalent to 
(CX123) the Laplacians Aj are (-regular operators of sF type. 

Remark 2 Assume that Hi^ = for some io- Using the closed graph theorem 
one verifies that the following statements are equivalent: 

(a) H^" (C) = 0; (b) d^^ has a bounded inverse. 

Given a complex {Ci,di) of sF type, one can define the spectral distribution 
functions Fi{X) and Ni{X), 

(1.19) F,(A) := Fd^(A)( = F,,^, (A)) ; 7V,(A) := Fa. (A). 
Then 

(1.20) 7Vi(A) =Fi(A)+Fi_i(A). 

A complex {d, di) of sF type is said to be algebraically acyclic if i/*(C) = for 
0<i<N. 

Notice that for an acyclic complex of sF type, the spectrum of Aj does not 
contain 0. In fact, in view of Remark 2 after Definition 1.9, there exists e > so 
that iVj (A) = for < A < £ and the same is true for the spectral distribution 
function of A^ = d^_ld*_l and A^ = d*df. This allows to define the torsion 
T{C) of an algebraically acyclic complex of sF type. 



logT{C) := lJ:^{-l)''+^q log detA^ 
^^'^^^ ( = I E.i-mog detA- = i E.i-^r+'log detA^) . 



More generally, the torsion T(C) can be defined if (C, d) is of determinant class, 

logXdNi{X) > -00 (0 < i < N). 



I.e. 



/ 



Definition 1.9 (i) A morphism f : ^ between the complexes {Cj,di^i) 
and {Cf, d2,i) consists of a collection of hounded operators fi : Cj — > Cf so that 

• /i(domain(rfi,i)) C domain(d2,i); d2,ifi = (on domain(di,i)). 
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(ii) f is said to be of trace class if, in addition, 
• the operators fi,d2 j/i+i and fid\ ^ are bounded operators of trace class. 

A morphism / : — > induces >t-linear maps in algebraic cohomology, 
H{f);: W{C^) — » iJ*(C^) and bounded ^-linear maps on the reduced coho- 
mology, H{f)i : H^{C^) Tf'iC'^). Further, with respect to the Hodge decom- 
position, fi takes the form, 

fi = I /i,21 /i,22 /i,23 I 
V /i,33 / 

where = H{f)i. 

For the convenience of the reader, we recall Milnor's lemma which was extended 
for complexes of ^-Hilbert modules in [BFK2]. Assume that 

is a short exact sequence of complexes of finite dimension. It induces a long 
weakly exact sequence Ti in reduced cohomology 



Proposition 1.10 (cf [BFK2, Theorem 1.14]) If three out of the four cochain 
complexes ,0"^ ,1-1 are of determinant class, then so is the fourth and one 
has the following equality 

logTiC^) = logT{C^) + logT{C^) + logT{H)- 

- Eii-mogTio ^ Cl Cf ^ Cf ^ 0). 

Remark In [BFK2], Proposition 1.11 was only stated for complexes of finite 
type. By the same proof, the result remains true for complexes of finite dimen- 
sion. 

Given a (-regular complex of sF type, ^ Co ^ . . . '^-^ C2N+1 0, we can 
consider its dual. If C| := C2N+i-j, and d^- := d2N_j (adjoint of d2N-j), then 

n ^ ^ ^ n 

U ^ Uq ^ . . . '-'2N+1 ~^ ^ 
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is a (^-regular complex of sF type. Notice that {dj)*c^ = d^N-j &N-r Thus in 
case C is of determinant class, so is and one obtains 

(1.22) T{C^) = T{C). 

We end this subsection with a discussion of the mapping cone C{f) = {C{f)i, 
d{f)i) associated to a morphism / : — > between ^-regular complexes 
(C^, di) and (C^, ^2) of sF type. This is a complex given by 



(MCI) C{f),:=Cl,(BCl; 

(MC2) d(/). = ( ) 



The Laplacians A(/)j of C{f) can be computed, 



(1.23) A(/)i 



-f* ■d2,,-i+di,,^i- f*_, Ai,, + /*/- 



The following observation, will be used in order to introduce the relative ^2- 
torsion without making the assumption that the manifold is of determinant 
class: 



Lemma 1.11 (i) Let f : ^ be a morphism of trace class between com- 
plexes and of sF type. Then the mapping cone C{f) is of sF type. 

(ii) If, in addition, andC^ are (-regular, thenC{f) is (-regular. 

(Hi) If (p : ^ C"^ is a morphism of trace class between (-regular complexes 
of sF type which induces an isomorphism in algebraic cohomology, then 
the mapping cone C{f) is algebraically acyclic and thus has a well defined 
torsion T{C{f)) (cf (1.21)). 



Proof (i) follows from Proposition 1.5 (A) by choosing ip 
and 



A2,,-i 
Ai, 



A(/), - 



fi-lft-l -d2,i-l/i + /i-lC^M-l 

-fid2,i-l + di^i-lf*_l f*fi 



By Remark 1 after Definition 1.8, the (fi are operators of sF type and, by 
assumption, the Uj are bounded operators of trace class. By Proposition 1.5, 
A(/)j is then an operator of sF type. Apply the same Remark 1 once more to 
conclude that (CXI) holds. Property (CX2) of Definition 1.8 is easily verified. 
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(ii) follows from Proposition 1.5 (B) and Remark 1 after Definition 1.8. 

(iii) In view of (1.21) and the statements (i) and (ii) it remains to verify that C(/) 
is algebraically acychc, i.e. that range((i(/)i_i) = Ker{d{f)i). Let {vi-i,Ui) G 
Ker{d{f)i) C Cf_^®Cl. Then 

-d2,i-iVi-i + fiUi = ; di^iUi = 0. 

In particular, fiUi € range(d2,i-i) and, as / induces an isomorphism in algebraic 
cohomology, m e range(c?i,i_i), i.e. there exists Ui-\ G Cl_i with m = 
Ui-i. As fidi^i-iUi-i = d2,i-ifi-iUi-i, we conclude that —Vi-i + fi-im-i e 
Kerd2,i-i- Using once again the assumption that / induces an isomorphism 
in algebraic cohomology, one sees that there exists Vi-2 G C?_2 and Ui-i G 
Kerdi^i-i with -Vi-i + fi-iUi-i = fi-iUi-i + d2,i-2Vi-2- 

Thus 

Vi-l = -d2,i-2Vi-2 + fi-l{Ui-l - Ui-l) 

and, as Ui-i G Kerdi^i-i 

Ui = a!i_i_i7ij_i = Q!i,i-i(ui_i - Mi_i) 

i.e. we have shown that {vi-i,Vi) G range(i(/)j_i, and therefore that Kerd{f)i 
= rangerf(/)i_i. ■ 

If / : (C,di) {C,d2) is an isomorphism of complexes of finite dimension we 
can use Lemma 1.11 together with Milnor's lemma to compute the torsion of 
the mapping cone C{f). Recall that the suspension EC = (SCj^scJi) of a complex 
C = {Ci,di) is the complex given by 

SC, = (SC), := Ci_i(i > 1); SCq := 0; 
:= {i > 1); do = 0. 



Proposition 1.12 Assume that = {C,dj){j = 1,2) are (^-regular complexes 
of sF type and of finite dimension. If f : ^ C^, is an isomorphism, then the 
mapping cone C{f) is algebraically acyclic and 

logT{C{f)) = Y.{-iyiog vol{fj) 
Proof By Lemma 1.11, C(/) is an algebraically ^-regular complex of sF type. 
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First we treat the case where, in addition, (and then as weh) is algebrai- 
cally acyclic. Consider the following short exact sequence of cochain complexes 

0^S(C,d2) ^C(/) ^ (C,di) ^0 
where J (respectively P) is the canonical inclusion (canonical projection). 

By Proposition 1.10, the corresponding long weakly exact sequence Ti. in reduced 
cohomology is of determinant class and 

logT{C{f)) = logT{i:C^) + logT{C') + logT{n). 
Notice that W is given by 

. . . ^ 7?'(SC) ^ H\C{f)) ^ if (C) S"+'(SC) ^ . . . 



where the connecting homomorphism H{5i) is given by the restriction H{fi) of 
fi to H'^^{1:C) = H\C) into h\c). Therefore 

logT{H) = Y.^~l)Hog vol(H{fi)). 

By Lemma 1.13 below, logT{'SC'^) = —logT{C^). As /i+i^i,, = d2,i/i we con- 
clude that ^ = (/,^i)^^rf2,i/r where : Cj'^ Cf'^ are the restrictions of 
fi to Cj'^ and are isomorphisms as well. 

Thus 

logT{C') = ^Ei-^yiog detiihd.^i) 

= ^u-mog det{{fn*di,m+,)-'r if jn 

= hU-mog detift+Jt+i)-' 

+ lEi-^og detidld2,i) 
+ im-mog detifr f7*) 

= logT{C^) + Ei(-1)'(^05 vol{f+) + log vol{f-))- 
Combining the equality above yields 

logT{C{f)) = T.{~'^r{logvol{g)+logvol{fr)) 
+ j:i-iyiog vol{H{fi)) 
= j:{-iyiog volifi). 



To prove the result in gcncaal we consider a deformation (C, di{e)) of the complex 
{C,di), depending smoothly on the parameter e, so that, for e 7^ 0, (C,<ii(£)) 
is algebraically acyclic. The operator di{e) is constructed as follows: with 
respect to the Hodge decomposition Cj = Hi® C^~ ® C^,di^i takes the form 
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/ \ 

di,i = j where : Cf^ ^li+i- Consider the polar decom- 
\ / 

position of d^ i,d-^ i = ^i,r]i where := d^^iidl^id^^i)-^/^ : Cr -» C+_^ is an 
isometry and r]i is given by 77, := (^1,1^1,1)^^^- The operator r]i admits a spectral 
decomposition; rji = XdPi{X). Define r}i{e) := J^'^{X + c)dPi{X) and let 
di ^{e) := £,ir]i{e). Then di j(e) is an isomorphism and thus of determinant class. 
Now consider = {C,di, (e)) where the operator di^i{e), with respect to the 

/'o \ 

Hodge decomposition of (C, di), is given by di,i(£) = rfi.i(e) .Define 

\ / 

(C,rf2(e)) where d2,i(e) := f^i ^i.sC/r)"^- Then, for any s, f :{C,di{e)) 
{C,d2{e)) is a morphism and, by the argument above, the torsion T{Ce{f)) of 
the mapping cone Ce(/) induced by / : {C,di{e)) {C,d2{e)) is given by, for 

logTiCif)) = ^(-1)^/05 volif,) 

which is independent of e. As Ce{f) is algebraically acyclic for all values of e 
and logT{Ce{f)) depends continuously on e, we conclude that 

logT{C{f)) = Y.^-iyiog vol{f^). ■ 
j 



Lemma 1.13 (i) Let C be a (-regular complex of sF type. Then the mapping 
cone C{id) is an algebraically acyclic (.-regular complex of sF type and satisfies 
logT{C{id)) = 0. 

(ii) IfC is an algebraically acyclic, (-regular complex of sF type, then so is EC 
and satisfies 

logT(Y.C) = -logT{C). 

Proof (i) By Lemma 1.11, C{id) is an algebraically acyclic (^-regular complex 
of sF type. Use Lemma 2.4 to conclude that 

logT{C{id)) = ^ ^(-l)«+i/o(7 det{Aq + id) = 0. 

(ii) It follows from Definition 1.9 and the assumptions that SC is an algebrai- 
cally acyclic, (^-regular complex of sF type. Its torsion is therefore well defined, 
and by (1.21) 
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logT{j:C) = ^E(-l)'^^^^og det{ A{Y.Cy ) 

= -hT.{-^Y^'log det{A-)'^ -logT{C). ■ 

The following Lemma 1.14 is due to Carey, Mathai and Mishchenko [CMM]. 
For the convenience of the reader we include its statement. As the proof in the 
preliminary preprint [CMM]|^ is somewhat incomplete, we refer the reader to 
Appendix A for a detailed proof. Let 

(1.24) O^C^^C^C^^O 

be an exact sequence of cochain complexes of sF type where the complex C = 
{Ci,di) is given by Cj = C} © Cf and 

"•^^> * ^ ( »■ ■ i ) 

with fi : Cf — > Cl^i satisfying 

(1.26) /i (domain ((i2.i)) ^ domain((ii^i+i) and 

(1.27) h+id2.t + = (on domain(d2,i)) 

so that di+idi = 0. The morphism I [resp. P] in (1.24) denotes the canonical 
inclusion [resp. canonical projection]. 

Lemma 1.14 ([CMM]) Assume and are Q-regular complexes of sF type 
which are algebraically acyclic and fi : Cf — *■ Cl_^_l are bounded maps of trace 
class so that (1.26) and (1.21) are satisfied and j/i as well as fid2^ are 
bounded operators of trace class. Then the complex C, given by (1.24) - (1.25), 
is an algebraically acyclic, (-regular complex of sF type and 

(1.28) logT{C) = logT{C^) + logT{C^). 
Proof: cf [CMM] or Appendix A. 



^The first author thanks Mishchenko for kindly making the preliminary preprint available 
to him. 
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Proposition 1.15 Suppose that C^,C^ and are (-regular complexes of sF 
type and fi : ^ and /2 : ^ are morphisms of trace class which 
induce isomorphism in algebraic cohomology. Then: 

(i) / := /2 o /i is a morphism of trace class; 

(ii) the mapping cones C(/i),C(/2) and C{f) are (^-regular complexes of sF 
type; 

(Hi) C(/i),C(/2) andC{f) are algebraically acyclic (and thus their torsions are 
well defined). 

(iv) If, in addition, either (case 1) or (case 2) is of finite type, then 
logT{C{f)) = logTiCifi)) + logT{C{f2)). 

Proof The proof is an application of Lemma 1.13 and Lemma 1.14. 
Ccise 1 (C^ is of finite type): Consider the diagram 

EC(ic/3) 

I]C(-/2) ^ C{h) 5 C{f) ^ 
(1-29) i Pi 

C(/i) 
i 



where C{f\),C{— f2),C{f) and C{idz) are mapping cones, hence C(/i); = C?_i © 
C},C{-f2)i = Cl,®Cf,C{f)i = Cl.eCj and C{id3)i = CU ® Cf. The 
morphism h : C{f\) — > C{ids), is given by the operators hi : C?_i ® Cj — > 

(1.30) := ( » ) , 

One verifies that hi are bounded maps of trace class. Denote by C{h) the 
mapping cone of h, hence C{h)i = (Cf_2 ® Cf_i) ® (C?_i ® C}). Further h, 
respectively I2, are the canonical inclusions, 
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and 

/2 : CU ® CU - (Cf-2 © Cf_i) © (Cti © C}) 

whereas Pi and P2 denote the canonical projections on the complement of the 
images of /i resp. /2- One verifies (cf (1-29)) that 



(1.31) ^ EC(id3) C(/i) ^ C(/i) ^ 
and 

(1.32) 0^SC(-/2)^C(/i)^C(/)^0 

are short exact sequences of cochain complexes. First notice that by Proposition 
1.3, / = /2 • /i is a morphism of trace class which proves (i). 

By Lemma 1.11, C(/i),C(/2) and C{f) are algebraically acyclic, (^-regular com- 
plexes of sF type and, by Lemma 1.13, C{id^) and I]C(/i), SC(/2), SC(i(i3) are 
algebraically acyclic, ^-regular complex of sF type. We would like to apply 
Lemma 1.14 to (1.31) and (1.32). For this purpose, observe that, given hi : 
C(/i)i = Cf_-^ ®Ci^ C{idi) = Cf_j^®Cf,d{h)i admits the following decomposi- 
tion 



d{h)i 



d{i:c{id3))i 


hi 








(1.33) 


/ rf3,i-2 


-idzd-\ 


h,i-l 


' \ 

fi 







— d3,i-l 













<^2,i-l 






^ 








di,i J 



Using this decomposition, all assumptions in Lemma 1.15 which have not yet 
been proved can be verified in a straight forward way. 

Therefore, we can apply Lemma 1.14 to (1.31) to conclude that C{h) is an 
algebraically acyclic, ^-regular complex of sF type and 



logT{C{h)) = logT{T,C{id^))+logT{C{h)) 
= logT{C{h)) 



(1.34) 

where we used that, by Lemma 1.13, 
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logTiECiida)) = -logT(C{idi)) = 
In order to apply Lemma 1.14 to (1.32), notice that 



d(SC(-/2))i 







d{C{f))i , 



(1.35) 




!,i-2 


+/2,i-l 


hi 























fi 




\ 








C^l,^ 



= d(K)i 



given by hi = 



As is of finite type, id^^i : Cf Cf and 



where, in view of (1.33), hi : C{f) 
-ids^i-i 
fi,i 

therefore hi arc bounded maps of trace class. Again one verifies that all other 
assumption in Lemma 1.14 are satisfied. Thus we can apply Lemma 1.14 to 
(1.32), to conclude that 



(1.36) 



logT{C{h)) = logT{m{-h)) + logT{C{f)) 
= -logT{C{-h))+logT{CU)) 



where for the last identity we again used Lemma 1.13. Notice that the morphism 
$ : C{h) ^ C(-/2), given by = ,\ : Cf_, © ^ Cf_, © Cl 



-Id 

is an isometry and therefore logT{C{—f2)) = logT{C{f2))- Combining this with 
(1.34) and (1.36) we conclude that statement (iv) in case 1 is proved. 

Case 2 (C^ of finite type): In view of (1.22) it sufiices to consider the dual 
complexes, to which we can apply case 1. ■ 



Proposition 1.16 Suppose that C^,C^ and are (-regular complexes of sF 
type and fi : ^ C^, /2 : ^ are morphisms which induce isomorphisms 
in algebraic cohomology and denote by f the composition f := f2° fi- Then the 
following statements hold: 

(i) If fx is an isometry and /2 is of trace class, then the mapping cones C(/2) 
andC{f) are algebraically acyclic (-regular complexes of sF type. Moreover 



logT{C{f2)) = logT{C{f)). 
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(a) If f2 is an isometry and fi is of trace class, then C(/i) and C{f) are 
algebraically acyclic Q-regular complexes of sF type. Moreover 

logT{C{f,)) = logT{Cif)). 

Proof The assumption imply that in case (i), C(/2) and C{f) are isometric 
whereas in case (ii), C(/i) and C{f) are isometric. From this observation and 
Lemma 1.11 the claimed results follow. ■ 

2 Relative torsion and its Witten deformation 

In subsection 2.1 we introduce the relative torsion (cf [CMM]). As already men- 
tioned in the introduction, the relative torsion cannot be defined as the torsion 
of the mapping cone associated to the integration map, denoted by Int, as Int 
cannot be extended to a closed morphism on L2{A{M;£)). To circumvent this 
difficulty we consider s > § + 1, and the composition 

L2(A(M;f)) s H,{K{M-S)) <^^+IS''' H,(K(M;£)) C 

where Hs{A'^{M;£)) denotes the completion of the space ft''{M;£) of smooth 
/c-forms with respect to the s-Sobolev norm, A/j denotes the fc-Laplacian, Ints is 
the extension of Int to IIs{A{M;£)) and C denotes the combinatorial complex 
associated to £ ^ M,fi and a generalized triangulation r ~ {h,g'). It turns 
out that the composition Ints ■ (A + Id)^'^^^ is a morphism of trace class which 
induces an isomorphism in algebraic cohomology and, therefore, the correspond- 
ing mapping cone C{Ints{A + /(i)^*/^) is algebraically acyclic. We show that it 
admits a torsion, called the relative torsion IZ associated to £ M, g, /i, t, and 
that this torsion is independent of s > ^ + 1. In the case where £ M is of 
determinant class (cf [BFKM]), one can show that, log 7^ = logT^n — log Ijieid 
where Tan[TReid\ is the analytic [Reidemeister] torsion. 

To prove that log 7^ is a local quantity (in Section 4), we will use the Witten de- 
formation of the deRham complex, given by the differentials dk{t) := e~*^dke*^. 
There arc different possibilities for defining the corresponding deformation TZ(t) 
of the relative torsion. We chose one for which the variation ^ log TZ{t) can be 
computed. By definition, TZ{t) is the torsion of the mapping cone associated to 

{L2{A{M;£)),d{t)) C {L2{K{M-£)),d) ^"*-(^'')"^'' q. 

We will show. Theorem 2.1 subsection 2.2 that the variation ^ \og'R-{t) is given 
by 
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— log 7^(^) = dim £^ / he{M, g) 
at Jj^ 

where e(M, g) is the Euler form of the tangent bundle equipped with the Levi- 
Civita connection induced from g. 

2.1 Relative torsion 

Let M be a closed smooth manifold, £ ^ M a, smooth bundle of ^-Hilbert mod- 
ules of finite type equipped with a smooth flat connection V, which makes the 
fiberwise multiplication with elements of A V-parallel. Unlike in [BFKM], or 
[BFKi] we do not restrict to the case where the Hermitian structure /i provided 
by the scalar product of the fiber oi £ [x € M) is V-parallel. 

We denote by 5* M the dual bundle oi£ ^ M. This is a bundle of >l-Hilbert 
modules of finite type with fiber £^|, the Hilbert space dual to f^, 

£l := {/ : ^ (C| / bounded; C-linear {f{au) = af{u) Va e C)} 
equipped with an .A-module structure defined by 

{af){u) := f{a*u) {a€A,u(£ £,, f G 4)- 

By Riesz' theorem, f| can be identified canonically with £x,0x '■ £x ^ £i, 

OxU : £x —>-^,v —>■ 6xu{v) := fx^iu, v) 

and thus induces an inner product /i| on £|. As a consequence, 6^ becomes 
an ^-linear isomctry and the bimdlcs, f — > M and M of ^-Hilbert 
modules are isomorphic. The flat connection V = Vf induces a fiat connection 
V" := Vfit . In general f — > M and — *■ M are not isomorphic as bundles with 
flat connection unless the Hermitian structure /i is V^r-parallel. Each of these 
connections induces a covariant differentiation, 

dk = dk,v ■■ 0'=(M;£") ^ fl''+\M;£) 

and 

4 = 4,v« : ^HM;£^) ^ n''+\M;£^) 

where Q!'{M;£) := C°°(A'=(T*M) ® 5) and where QJ'{M;£^) is defined simi- 
larly. The isomorphism 9 induces a canonical isomorphism, again denoted by 9, 
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between n''{M;£) and f]'=(M;£:»). To simplify notation, we write A^{M;£) for 
the AHilbert module of finite type, A^{M- £) := A^{T*M) £. 

Similarly if p is a representation of 7 on an A- Hilbert module W one denotes 
by p" the dual representation, of 7 an an ^ Hilbert module W*. While the A 
Hilbert modules W and W" are isomorphic the representations p and p" are not 
unless they are unitary representations. It is easy to check that if p induces 
f ^ M, A then induces ^ M, A». 

Given a Riemannian metric g on M, let Jk,s ■ A''{M;£) -» A"~'=(M; f") (with 
n = dimM) be the morphism of ^-Hilbert modules defined by Ji-^s := Jk®0 
where Jk : A'=(T*M) hV'~^{T*M) is the Hodge-star operator induced by g. 

Denote by : f2'=+^(M;£) — > Qf'{M;£) the operator defined by the composi- 
tion 

(2.1) d% = dly := {-lT''-^Jn-k,et O rfn-fc-l;V« ° 

Further we define a scalar product n''{M;£) x ri'^(M;f) ^ (D given 

by 

(2.2) < wi, W2 »:= Af *u;2 d volg 
where *iV2 = Jk,£W2 and Ag is defined by 

n''{M-£) X n'^CMi^) ""^''^ n''{M;£) x n"-'=(M; 
A fi"(M, f ff) ^ fi"(M;C!), 

(^1,^2) * (Wl, *W'2) I— >■ A *W2 I— >■ Wi Af *W2 

and ev is the map induced by the evaluation map £x (?) £l (D. Notice that 
with respect to the inner product <C •, • is the formal adjoint of dk, i-e. 

for wi e n''{M,£),W2 e n''+^{M;£) 

<C Wi,dlw2 »=<C dk'W\,W2 » . 
Introduce the Laplacians 

(2.3) Afe = dldu + dk-idl_^ : n''{M; £) ^ r!'^(M; 

which are second order, elliptic essentially selfadjoint nonnegative .4-linear ope- 
rators. In particular, as M is closed, {Id + Afe) : Q.''{M;£) —>■ Q,''{M;£) is an 
isomorphism of Prechet spaces. Using functional calculus, one can define the 
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powers {Id + AkY {s € M. arbitrary). They can be used to define a family of 
scalar products on 0'^(M, £) by setting 

(2.4) <^Wi,W2 >5:=< {Id+ Ai,y/^wi,{Id+ Aky/'^W2 > . 

Clearly, ^ •, • depends on the Hcrmitian structure /i and the Riemannian 
metric g. As d^Ak = A^^idk and A^d^ = (i^Aj.+i,d^ is also the adjoint of 
dk with respect to the inner product -C •,• • Denote by Hs{A''{M;£)) the 
completion of il'^{M; £) with respect to the norm induced by the scalar product 
<C •, • . As -M is supposed to be closed, one obtains a family of complexes 

...^Hs{h-''{M-£))% if,(A'=+i(M; f )) ^ . . . ^ 

which we denote by Hs{A{M;£)) = (i7^(A(M; £)), d). Here 4 : H^{K>'{M;£)) 
iIs(A'^+^(M; f )) is the maximal closed extension of 

dk : n''{M;£) ^n''+\M;£), 
its domain is Hs+i{A'^{M; £)). 

As mentioned in Examples 1.6 (4), Hs{A{M,£)) are (^-regular complexes of sF 
type and the morphisms 

(1 + Afe)*/2 : H,{K\M- £)) ^ H,_t{k\M- £)) 

establish an isometry between the complexes Hg{K{M;£)) and i?s_t(A(M; f )). 
The adjoint of dk with respect to the L2-inner product, d^ : Hs{h!^^^{M;£)) — > 
Hs{k^{M-,£)), is given by the maximal closed extension of d% : Vl^^^{M;£) — > 
Vt^{M]£) (which depends on s). 

Consider a generalized triangulation r = {h,g',Oh) of M (cf introduction of 
[BFK], also [BFKM]) where h : M —>-TRis a Morse function, g' is a compatible 
Riemannian metric on M and is a collection of orientations of the unstable 
manifolds defined by — grad£,h, where h and g' are lifts of h respectively g' to the 
universal cover of M and denote by C = {C{M,t,T),S) the finite dimensional 
cochain complex of ^-Hilbert modules associated with r and := (£, V,/x). 
The Alinear map Intk : i^''{M;£) C^{M,t,J^) provided by integration (cf. 
[BFKM]) are continuous with respect to the Prechet topology on f2'^(M; £) and 
extend, for s > n/2, to bounded maps 

Intk-s : H,{A''{M;£))^C''{M,T,T). 
Since the integration map intertwines d and S, they induce morphisms 

(2.6) Intk;s ■■ Hs{h^{M-£)) ^ C^{M,t,J'). 



31 



As C is a complex of finite type Hilbert modules and Intk-s is bounded for 
s > ^, Intk-s is of trace class (cf Examples 1.6 (2)). For s' < s, denote by 
Ini,-s,s' the embedding 

(2.7) Ink;s,s' ■■ Hs{K^{M-£)) ^ Hs'{h^{M-£)) 

which is a morphism of cochain complexes. For s — s' > n, Ink-s,s' is of trace 
class. 



Proposition 2.1 (cf [CMM, section 4]) 

The following families of morphisms induce isomorphisms in algebraic cohomo- 
logy: 

(i) {Id + Ayl^ : Hr{K{M- £)) ^ Hr-s{A{M; £)) (Vr, s); 

(ii) Ins,s' ■■ Hs{A{M;£)) ^ if,,(A(M;f)) (s > s'); 
(Hi) Ints : Hs{A{M;£)) C{M,t,J^) {s > n/2). 

Proof (i) is obvious since (Id + A)^^^ is an isometric morphism. 

(ii) For ease of notation, let i/^.g := Hs{A''{M; £)). Denote by Qk ■ Hk-Q — > -fffc;o 
the L2-ortliogonal spectral projector corresponding to the interval [0, r],r > 
and consider its restriction to s > 0. Due to the cllipticity of A^, QkUi € 

n''{M-£) and Qk{Hk-s) is isomorphic to Qk{^^{M-£)). As Hk,s = Qk{Hk;s) © 
{Id — Qk){Hk-s), IIs{A{M; £)) is the sum of two subcomplexes, ® where 
Ck ~ Qk{IIk;s) and C| := {Id—Qk){IIk,s)- Notice that is algebraically acycHc 
by remark after (1.20). has the same algebraic cohomology as IIs{A{M,£)) 



and that Ink;s 



phism in algebraic cohomology. 



Id 








Ink:s,s' 



. Therefore, Ing^s', induces an isomor- 



(iii) We use Witten's deformation of the deRham complex (cf [BFKM, sec- 
tion 5]). For t e M, let dk{t) := e~*^dke^^ be the deformed exterior differ- 
ential where h : M ^ Ji \s the Morse function of a generalized triangulation 
r = {h,g'). For t sufRciently large, the spectrum of the deformed Laplacian 
Ak{t) splits into a small part contained in the interval [0,1] and a large part, con- 
tained in an interval of the form [Ct, oc] with C > 0. Denote by {^lsm{M; £){t), 
d{t)) the subcomplex associated to the small part of the spectrum. In partic- 
ular, 0^„(t) = n'l^{M;£){t) = Qk{t){Hk;s) where Qk{t) denotes the orthogo- 
nal spectral projector of Afc(i) corresponding to the interval [0,1]. As Afe(t) 
is elliptic, one concludes that Oj„(t) = n';^{M;£){t) C n''{M;£) and, by 
[BFKM, section 5], is an ^-Hilbert module of finite type. Similarly as in the 
proof of (ii), IIs{A{M;£)) is the sum of two subcomplexes, i}sm{t) © IIs^ia{t), 
where i?fe;s,ia := {Id - Qk{t)){Hk-s)- Introduce 
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(2.8) 



Mt):ni„{M:£){t)^C'' 



{M, r, T) 



given by fk{t) := IntkC^'^. One verifies that f{t) : {Qsm{t),d{t)) {C,S) is a 
morphism of cochain complexes. By the Helffer-Sjostrand theory (cf [BFKM, 
section 5]), f(t) is an isomorphism for t sufficiently large. In particular, it 
induces an isomorphism in algebraic cohomology. For t sufficiently large, Hs{A 
(M; £)) can be decomposed into two subcomplexes, ® where = {e^^Qsm 
(t), d) and = {e^'^Hg^iait), d). Notice that is algebraically acyclic and that 
has the same algebraic cohomology as Hs{A{M;£)). For s > n/2, 



is well defined and takes the form {f{t)e Ints\c^). Therefore Intg induces an 
isomorphism in algebraic cohomology. ■ 

Remark 2.2 For s — s' > n + 1 the inclusion lug^s' is a morphism of trace 
class (cf Definition 1.9). 

As Hg{A{M; £)) is a C-regular complex of sF type (for any s G H), we conclude 

from Proposition 2.1 and Lemma 1.12 that the mapping cone C{Ing s') is alge- 
braically acyclic and thus has a well defined torsion T{C{Ins,s')){s — s' > n+1). 

Proposition 2.3 Fors-s' >n+l, logT{C{Ins^s')) = 0. 

Proof Recall that the mapping cone C{Ins,s') is given by 



Proposition 2.3 then follows from Lemma 2.4 below. ■ 



Lemma 2.4 Assume that {C, 5) is a (-regular cochain complex of sF type. Then 



Ints : H,{A{M; £)) =C^®C'^ 



C{Ins,s')k ■■= H,,{A^-\M-£))®Hs{A^{M-£))- 




Therefore, by (1.23) and (2.4) 



(2.9) 
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0^) Efc(-l)'log det(Afe + W)=0; 
(^^) Efe(-l)'=log det(Afc + {Id+^kY'-') = 0- 

Proof As the two statements can be proved in the same way, we consider only 
the second one. With respect to the Hodge decomposition, A/j + Id takes the 
form (cf (1.18)) 

(2.10) Afe + (7rf + Afe)«'-« = 

= diag{Id,A+ + (/d + A+)^'-^ A, + (W + A")^'"^). 

where Aj^ := and A'^ := d^d^ are ^-regular operators of sF type and 

log det(Afe + {Id + Akf^') = log dct(A+ + {Id + A+)^'-«)+ 

+ log det(A^ ++(/d+ A^:)-''--'). 
As A^ and Aj^_^ have the same spectral distribution function we conclude that 

(2.11) log det(A+ + {Id + A+y'-^) = log det(A^_, + (7rf + A^_ J^'-«). 
This proves the claimed statement. ■ 

Proposition 2.5 Let s > ^ + l,s > s + n + 1 and p e Il>o. Then 

(i) Ints : Hs{A{M:£)) -^C{M,t,T) 

is a morphism of trace class which induces an isomorphism in algebraic coho- 
mology. Moreover 

(2.12) logT{C{Ints)) = \ogT{C{Ints)) 
and 

(2.13) \ogT{C{Ints)) = \ogT{C{Int,{A + Idf/^)), 
with (A + /(i)P/2 : H.,+p{K{M;£)) H,{A{M;£)) 

Proof By Proposition 2.1, Ints is a morphism of cochain complexes which 
induces an isomorphism in algebraic cohomology. We claim that Intg is a mor- 
phism of trace class (cf Definition 1.10). As we have already observed, Intk-s 
is an operator of trace class for s > n/2 as it is bounded and C*^ is a Hilbert 
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module of finite type. By the same reason, d'^Intk+i-s is of trace class for 
s > n/2. Finally we have to verify that Intu-sdl. is of trace class. Use that 
Intk;s = Intk:s-ilnk:s,s-i and that Ink-.s^s-id^, is a bounded operator to deduce 
from Proposition 1.3 that Intk-^sdl is of trace class for s > f + 1- Further notice 
that Intg = Ints ■ Ing^s for arbitrary s > s + n + 1 where Ing^s is a morphism of 
trace class (Remark 2.2) which induces an isomorphism in algebraic cohomology 
(Proposition 2.1). From Proposition 1.15 and Proposition 2.3 we then conclude 
that 

logT{C{Ints)) = logT(C(/n,,,))+logT(C(7nis)) 
= log T(C(/nt,)). 

It follows from Proposition 1.3 and the fact that (A + Idy^^ is an isometry 
of cochain complexes that /nig (A + Idy^^ is a morphism of trace class which 
induces an isomorphism in algebraic cohomology. Applying Lemma 1.11 and 
Proposition 1.16 yields formula (2.13). ■ 

We arc now ready to define the relative torsion. Our definition differs slightly 
from the one first introduced by [CMM]. 

Given M,T,g,T, define TZg = TZsiM, J^,g,T), 

(2.14) log7^« := logT{C{Ints{A + Id)-'/"^)) [s > n/2 + 1). 

Notice that, by Proposition 2.5, logT^s = \ogT{C{Ints)) and TZs is independent 
of s > f + 1. 

Definition 2.6 The relative torsion is defined by TZ := TZs{M,J^,g,T). 

The name of relative torsion is justified by the observation, due to [CMM] , that 

in the case where £ ^ M is of determinant class - and therefore, the analytic 
torsion Tan and the Reidemeister torsion T^eid are well defined (cf [BFKM]) - 
TZ is given by 

(2.15) \0g^Z = l0gTan-\0gTB.e^d 

To see that (2.15) hold we would like to apply Proposition 1.10 (Milnor's 
Lemma). However iJs(A(M;^)) is not a complex of finite dimension, wc there- 
fore decompose the mapping cone C{Ints) as follows: As shown in the proof 
of Proposition 2.1 (iii), iJ,(A(M;f)) = ® and / : Ints^ : ^ 
is a bijective morphism where is algebraically acyclic and is given by 
:= {e*^ftsm{t),d). Notice that has the same algebraic cohomology as 
Hs{A{M;£)). Denote by the mapping cone C(/). As / is a bijective mor- 
phism, = C{f) is algebraically acyclic. As / satisfies the assumption of 
Lemma 1.14 one concludes that 
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log7^ = \ogT{C{Ints)) = logr(C3) +logT(C2). 



The term logr(C"^) has to be analyzed further. By assumption, {M,p) is of 
determinant class. Therefore is of determinant class as well. We then obtain 
the following short exact sequence of cochain complexes, each of them being of 
determinant class, 

^ Y,C ^ ^ ^ 0. 



As T,C,C^ and are of finite dimension we can apply Proposition 1.10 to 
conclude that 

logT(C3) = logT(SC) + logT(Ci) + logT(W) 

where 7i denotes the long weakly exact sequence in reduced cohomology and is 
of determinant class. By Lemma 1.14 and the definition of the combinatorial 
torsion Tcomb (cf [BFKM]), logT(SC) = -logr(C) = -logT^o^b. By the de- 
finition of the analytic torsion (cf [BFKM]), logT(Ci) + logT(C2) = logT„„. 
Further H is given by 

. . . ^ H\Y,C) H\C^) H\C^) H'+\Y,C) ^ . . . 

Recall that is algebraically acyclic and H{Si) : W{C^) W{C) is given by 
the restriction of Inti-s to Hi = fcer(Aj) and, by the definition of the metric 
part Tmet of the torsion 

logT(W) = -logT„et. 
Combining the various equalities above leads to (2.15). 



2.2 Witten deformation of the relative torsion 

To obtain a local formula for log 7^ we consider the deformed relative torsion 
'lZ{t) obtained by considering the Witten deformation of the deRham complex. 

Using the generahzed triangulation t = {h,g',Oh) we consider for s > n/2 + 1 
the following composition Qg {t) of morphisms. 

(2.16) {L2{HM;£)),d{t)) ^ {L2{HM ■ £)) , d) (^+£3"''' {H,{K{M,£)),d) 

{C,5). 
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where we recall that dk{t) = e^"*(ifee"'. For s > n/2 + 1, Ints is a morphism 
of trace class (cf Proposition 2.5) and thus, by Proposition 1.3, the composition 
gs{t) is a morphism of trace class. Due to Proposition 2.1, gs{t) induces an 
isomorphism in algebraic cohomology, hence \ogT{C{gs{t))) is well defined. 

Proposition 2.7 For s + p>s>2n + 2 and t gM, 

\ogT{C{gsm=\ogT{C{gs+pm- 

Proof Using that Ints = -f«is/2-f"s,s/2, gs{t) is given by gs{t) = Ints/2as{t) 
where as{t) := Ins,s/2{^+Id)~^/'^e^^. Ass > 2n+2, as{t) (cf. Remark 2.2) and 
Ints/2 (cf. Proposition 2.5) are morphisms of trace class. By Proposition 2.1, 
both Ints/2 and {t) induce isomorphisms in algebraic cohomology. Therefore 
we can apply Proposition 1.16 to conclude that 

(2.17) \ogT{C{gs{t))) = \ogT{C{Ints/2)) + \ogT{C{as{t))). 

Observe that, /ns+p,|+p(A + Id)-^ = (A + Id)-P^'^Ins,s/2{^ + Id)'^/'^ to 
deduce that 

gs+p{t) = Intp+^ (A + Id)-P/^as{t). 
Using the same arguments as above we can apply Proposition 1.16 to obtain 

\ogT{C{gs+p)) = \ogT{C{Intp+s/2-{A + Id)-P/^))+ 
^ +logr(C(a«)). 

By Proposition 2.5, 

(2.19) logT(C(Jnfj+p)) = logr(C(/nt|+p(A + Id)-P/^)) 
and (cf (2.14)) 

(2.20) logT{C{Ints/2+p)) = logT(C(7ni,/2)). 
Combining (2.17)-(2.20) leads to the claimed result. ■ 

In view of Proposition 2.7, log T{C{gs{t))) is independent of s. 

Definition 2.8 The Witten deformation 'lZ{t) of the relative torsion is defined 
by 

log7^(^) := \ogT{C{gs{t))) {s > n + 2). 
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Using the same arguments as for the verification of (2.15) one sees that, for 
f — > M of determinant class, 

(2.21) \0gn{t) = \0gTan{t) - \0gT,,rab " logT„e*(t) 

where Tan{t) denotes the analytic torsion of the deformed deRham complex 
(cf [BFKM]). Tcomb denotes again the combinatorial torsion and log Tj„et(0 = 
— logT{H{t)) is the torsion of the long weakly exact sequence in cohomology 
obtained in a similar fashion as in the case of (2.15). 

Our next objective is to calculate the variation for log TZ{t) : 
Theorem 2.1 

^ logUit) = dim / h- e(M, g) 
«t jm 

where e(M, g) is the Euler form of the tangent bundle equipped with the Levi- 
Civita connection induced from g. In particular, ■^\ogTi{t) is a local quantity, 
independent of t and the Hermitian structure. Moreover if n = dim M is odd, 
then 

^iogn{t) = o. 



Proof For s > n + 2, introduce the morphism gs := Ints{A + /d)"*/^. Then 

9s{t) = gsC*^- Observe that for all t, the mapping cone Q{t) :— C{gs{t)) is a 
cochain complex whose k'th component Gk '■= C{9s{t))k is independent of t, 
given by 

(2.22) Gk = C''-\M,T,J^) ® L2{A''{M;£)). 

With respect to the decomposition (2.22), dk{t) = df{t) : Qk — > Qk+i takes the 
form 

(2.23) dk{t) = Ek+i{-t)DkEk{ty, dk{t)* = Ek{t)DlEk+i{-t). 
where 

^.W :-('„" ,i),I..:=(-t' t) 

According to Proposition 2.5 and 1.12, the mapping cone C{gs{t)) is a ^-regular, 
algebraically acyclic cochain complex of sF type. Denote by 
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Afc(t) = A^(f) the fc-Laplacian associated to Q = C{gs{t)), 
A,{t) :=A+(t) + A-(i) 

where 

A+{t) := , := 

With respect to the Hodge decomposition Qk = G^{t) © Gki^)^ 



(2.24) g+{t) := dk-irnGk-i); Gkit) := 

dkit) is of the form dk{t) ^ ( ^ . ) and thus A+{t) = ( -^^^^ ° 



d,{t) y " " — fcw ^ 
and A-(t) = [j ^ where A+{t) and A^(i) := 

d*i^{t)di^{t). As C{gs{t)) is a C- regular cochain complex, the operators rffe(t), 
according to Definition 1.9, satisfy 0p(l)-0p(7). As C{ga(t)) is algebraically 
acyclic, they also satisfy Op(8). (In fact, the operators rffe(f) satisfy Op(7), be- 
cause the corresponding heat traces admit an asymptotic expansion of the form 
(Asy) (cf Lemma 1.1).) 

To compute -^\ogTZ{t) we proceed similarly as in [BFKM] where we compute 
^ logTanit). According to Definition 2.8, the relative torsion 7e(i) = T{C{g,{t))) 



dt 

is given by 



and 



Iog7e(0 = ^^(-1)'=+Mog detA+(0 

k 



(2.25) i logdet(A+(t)) = i^.p.,=oTr(|(A+(t)(A+(0)-^-i) 

= F.p.,=oTr(^(Efc(-i)Dfc_i^fc_i(2t)£)^_iEfc(-t))(A+(t))-^-i). 

(By F.p.z=o we denote the constant term in the Laurent espansion at z = of 
the expression which follows it.) To simplify writing we suppress momentarily 
the subscript k. Then 
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4-,{E{-t)DE{2t)D*E{-t)) = 

= ( \ ) E{-t)DE{2t)D*E{-t) 
(2-26) +E{-t)D^l ^^^E{2t)D*E{-t) 

+E{-t)DE{2t)D*E{-t) \y 
Substituting (2.26) into (2.25) we obtain 

I log det(A+(t)) = 

= F.p.,=oTr( ( U d(i)rf(t)*A+(t)— i) 

+F.p.,=orr(d(i)ci(t)* ( U ) A+(t)— i). 

Using that d(t)d(i)*A+(t)-^-i = A+(f)-^ together with the commutativity of 
the trace we conclude 

J^logdet(A+(t)) = 

(2.28) =^-^-^-^K(o -20^^(*)i 
+i^.p.,=oTr( U ) rfLiWA^(i)-^-^4-i(t)). 

Prom d^_i(t)A^(t) = dl_^{t)dk-i{t)dk-i{t)* = A^_-^^{t)dk-i{t)* we conclude 
that 

dUA+{t)-^-'dk-i{t) = {A^_,{t))-^-'A^_,{t) = A^_,{t)-^ 
and therefore, after substituting into (2.28) 

(2.29) |log det(A+(t)) = 

= F.p.,=oTr(( U (A+(i)--A,-_,(t)-)). 

This leads to 

(2.30) ^logT(C(5.(i))) = Efe(-l)'=f'-P-.=oTr( ( q ^ ) ^t)-^)- 
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As C{gs{t)) is algebraically acyclic, Ak{t) has no spectrum near and therefore 

C"(-z) := rfz) ir ( /i ) '® ^^^^''^ function, with 

C"(0) = 0. 

In view of the fact that the heat trace Tr^ ^ ^ ^ ^ e""^^*"^*^^ admits an 

asymptotic expansion at A = of the form (Asy) one obtains (cf Lemma 1.1 
and Op(7)) 

(2.31) =F.p_o(rferA-iTr(( [ ) e-^^'=(*))dA) 

With respect to the decomposition (2.22) of the mapping cone C{gs{t)), the 
Laplacian Afc(t) = A^(t) takes the form 

where $fc(t) : Qk ^ Qk is given by 



A^°™'' + 5fe-l;.(i)5fe-l;.(i)* 


-^l-xQkAi) + 9k-i-At)dl-x{t) 


-9k;s{t)*Sk-i + dk-i{t)gk-i- 


s{tr 


gk;s{t)* gk;s{t) 



As gk;s{t) and gk;s{t)* are bounded operators of trace class for s > § + 1 (cf 
Proposition 2.5) the maps gk-s{t)dk{t) and dk{t)gk-s{t)* are bounded operators 
of trace class for s > n/2 + 1 and wc conclude that $fe(f) is a bounded operator 
of trace class. By Proposition 1.5 and its remark, we conclude that 

(2.32) i^.;>..=o(rfe/o^A-iTr((2 ° ) e-^^?(*))dA) = 

= F-P-^=^{^) [ V-'Trihe-'^^^^^Id - PA.(t)({0})))rfA 

where -PAfc(t)({0}) denotes the orthogonal projection onto KerAk{t). 

One verifies (cf [BZ, p 81]) that e*''Afc(i)e~*'' are equal to the Laplacians A^ 
associated to the undeformed deRham complex, the Riemannian metric g and 
the Hermitian structure e~^*''/i. 

Combining this together with (2.30)-(2.32), we obtain 
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llog7^(^) = 

(2.33) = Efe(-l)'=^^-P-.=ofrR/o ^^"'^K/ie-^^'=W(7rf-PA.(t)({0})))rfA) 

where we used that, as Ak{t) = e~*''A'j,e*'*, e"^^'=(*) = e"*''e"^^'fce*'' and 
e^'^ild - PA,(t)({0}))e-*'^ = Id- Pa; ({0}). 

It is known (cf e.g. [BFKM]) that the restriction Kk{x;X,t) of the Schwartz 
kernel of e~^^fe(/rf — Pa'j^({0})) to the diagonal has an asymptotic expansion 

with respect to A for A \ of the form X]j>o ^k-n-j{t)X ^ where Ak-n-jit) 
are smooth densities on M with values in End{K^ {T* M) ® £) , depending on the 
parameter t. Substituting into (2.33), and integrating with respect to A leads to 

i\ogn{t) = Y:^{-lfTr{hAk,^{t)) 

(2.34) =Tr(/i(E,(-l)'=^MW)) 
= dim £^Tr{he{M,g)) 

where e{M,g) is the Euler form, which can be proven to be equal to ^^^g 
{-ifAk-oit). If dimM is odd, e{M,g) = 0. ■ 

3 Anomalies for the relative torsion 

In this section, we investigate how the relative torsion TZ = TZ{M, p, r, g, fi) 
varies with respect to the Ricmannian metric g, the Hcrmitian structure /i and 
the triangulation r. We denote by f ^ M, V the flat bundle associared to p. In 
order to formulate the results we introduce a number of additional quantities: 

The closed 1-form = 9{p, p) e r2^(M): Choose a finite covering M by open sets 
{Uj)j^j, which are simply connected, and points xj € Uj. Define Vj: Uj — > H 

by 

Vjix) :=logt;oZ(T,,,.) = 1 logdet(T,%.T,,,,) 

where T^^xy {^x^l^x) {^xjil^xj) denotes the parallel transport from £x to 
along any curve joining x and Xj inside Uj . (As the connection V of £ — > M 
is flat, the map Tx,xj docs not depend on the choice of the curve.) Denote by 
6 = 9{p,p) the smooth 1-form on M defined by 9j := dvj. Notice that if the 
Hermitian structure p is parallel with respect to the canonical flat connection 
V, then 9{p.) = 0. 

If the representation p is unimodular, (i.e logvol{p{g)) = 1 for any g G T) 
then one can find p so that 6{p,p) = 0. To see this let det^S — > M denotes 
the 1-dimensional real vector bundle obtained by assigning to each point x £ M 
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the vector space detj^Sx, (as described in [CFM], ) and let detV denote the 
induced flat connection in detj^ £ — > M. This is the flat bundle associated with 
the representation detj:}^ p. The unimodularity of p implies the existence of a 
parallel section sq in detj^S — > M. Take a hermitian structure n in £ ^ M, 
and denote by s the tautological section in detj^ 5 — > M induced by fi. Clearly 
there exists a smooth nonzero function f : M ^ 1R_|_ so that = f ■ s. If p was 
parallel above the open set U, then f\if = 1. It is immediate from definition of 
e that e{p, f ■ p) = 0. 

If [pi, i-ii), i = 1,2 arc two pairs, representation and hermitian structure in 
the induced flat bundle, then one can verify in a straightforward manner that 

(3.1) e{pi (g) P2, Pl ® P2) = 0{pi,pi) ® 1 + 1 ® 9{p2,P2)- 

The function V = V{p, pi, P2) G fi°(M): If pj,j = 1,2 are two Hermitian 
structures oi £ ^ M, define the smooth function 

V{x) := V{p,pi,p2){x) = logvol{Idx : {£x,Hi{x)) {£x,P2{x))) 
Note that: 

(3.1') e{p, pi) - e{p, P2) = dV{p, p2, Ml), 
(3.1") V{p, pi, P2) = -V{p, p2, Ml), 

(3.1"') V{p,pi,P3) = V{p,pi,p2) + V{p,p2,P3)). 

The Euler form e(M, g) g f7"(M): Denote by e(M, g) the Euler form associated 
to the Levi-Civita connection on the tangent bundle TM. 

The Chem-Simon element [ecs{M,gi,g2)\ e 0"-i(M)/dn"-2(M): For two 
Ricmannian metrics gi and 92 on M denote by [ecs = ecs(Af, 5i, 52)] the 
Chern-Simon class , cf [BZ],p 46. Recall that 

d{ecs{M,gi,g2)) = e{M,g2) - e{M,gi) 

and that there is a canonical construction, due to Chern-Simon, for a represen- 
tative ecs of [ecs] so that for a smooth 1-parameter family 52 (u) of Riemannian 
metrics on M, ecs{gi, 92{u)) is a smooth 1-parameter family of (n — 1) forms. 

The following object will be used only is Section 4 but it is related to the previous 
quantities. 

The form ^{TM,g) e ^^"-^(rM \ M) : Let tt : TM ^ M be the tangent 
bundle of M. Following Mathai-Quillen [MQ] theorem 6.4, or Bismut Zhang 
[BZ] Theorem 3.4, one can construct a smooth form *(TM, g) e n"-'^{TM\M) 
so that : 
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(3.2') d^{TM,g) = iT*{e{M,g)) 

If gi and 52 arc two Ricmannian metrics on M then 

(3.2") *(TM,5i) - *(TM,32) = 7r*ecs(M,5i,52) 

If A : TM \ M — > TM \ M denotes the multiphcation by the real number A 
then 

(3.2"') A*(*(rM,c,)) = (A/|A|)"+i*(rM,c,) 

In view of the definition of ^ cf [BZ] it is easy to check that for two Rie- 
mannian manifolds {Mi,gj), i = 1,2 we have 

/o o,„,x *(T(Mi X M2,5i X 52) = *(T(Mi,gi) e(M2,52)+ 
^•"■^ > +e(Mi,5i)®*(r(M2,52). 

Proposition 3.1 (Metric Anomaly of the relative torsion) 

(i) \ogn{g2) - \ogn{gi) = -5/M^'Aecs(ffi,52)- 

(ii) If Aim M is odd or ^ is a Hermitian structure parallel with respect to the 
canonical flat connection, the relative torsion TZ is independent of g. 

Proposition 3.2 (Hermitian anomaly of the relative torsion) 

Assume that fJ,2{x) = Hi{x), V x € Cr(h), where h is the Morse function in 

T = {h,g'). Then: 

(i) log7e(/X2) -log7^(//l) = -\J^^V{p,^lu^JL2)e{M,g). 

(ii) If dimM is odd, the relative torsion TZ is independent of the Hermitian 
structure /x. 

In the case ^ = € these results were established in by Bismut Zhang, cf [BZ]. 
Propositions 3.1 and 3.2 will be proved at the same time. Their proof is reduced 
to some local index type results established in [BZ] . 

Remark Theorem 2.1. can be also derived as a special case of a (slightly more 
general) version of Proposition 3.2(i). 

Proof of Propositions 3.1, 3.2: (ii) follows from (i) by noting that e{M,g) = 
and ecs{M,gi,g2) = if dimM is odd and that 9{iJ,) = if the Hermitian 
structure n is parallel with respect to the canonical flat connection. 

To prove (i), consider a smooth 1-parameter family g{u) of Riemannian metrics 

and a smooth 1-parameter family ^i{u) of Hermitian structures, (—1 < m < +1). 
We want to compute ^ log7^(3(w), /Lto) and ■^logTZ{go, niu)). We begin by 
analyzing ^logn{g{u), ii{u)). 
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Denote by ((•, •))(«) the scalar product defined by g{u) and /x(it) on r2'^(M;f)) 
(cf. 2.2) and by the one given by (2.4). Clearly ((•, •))(«) = ((•,-))o(u). 

Denote by Afe(w): f}'=(M; £) fl'=(M; £) the Laplacian on f2'=(M; £) induced 
by (?(w) and /z(u) and by -ffs(u)(A(M; £)) the completion of Q(M; f ) with respect 
to ((•,■))«(«). 

Consider the following commutative diagram 

Ho{u){K{M-£)) C{t) 
\^s,s'{u) /7.(0) 
Fo(0)(A(M;f)) 

where 

7«(w) :=Int«(Id + A(«))-«/2^ </.,,,,(«) := (Id + A(0))+«/2(Id + A(m))-'^ . 

We recall from Subsection 2.1 that, for s and s' sufficiently large, 7s(u) and 
<^s^s'(m) are morphisms of trace class. Since 7s+s'(u) and 7s (0) induce isomor- 
phisms in algebraic cohomology (cf. Proposition 2.5), so does <^s,s'(^)- 
We thus can apply Proposition 1.15 to obtain 

(3.3) \ogn{g{u)) = log7e(ff(0)) + \ogT{C{ips,s'(u)) 

where C((^s ,5'(m)) denotes the mapping cone associated to ipg s'{u). 

Since {lA + l^{u)Y/^: Hg{u){K{M]£)) Ho{u){K{M-£)) is an isometry, we 

conclude from Proposition 1.16 that 

(3.4) T{C{ips,Au)) = T(C(In,+,,.,(it)) 
where 

In,+y,,(w):if,+,,(w)(A(M;f)) ^ F«(0)(A(M; £)) 

denotes the canonical inclusion. To analyze the torsion of the mapping cone 
{Cu,D) := {C{Ins+s';s{u)),d{lns+s'A'^)))' '^ote that 



(3.5) C^k ■■= Hs{0){A''-\M;£))®H,+s'{u){A''{M;£)): 

-dk-i Ins+s',s('u) 
dk 



Dk = 



with inner product (wi ,uj[ € ^ 

(3.6) (((a;i,W2),(u;i,w^))) := ((u;i,wi)),(0) + ((^2, w^)).+.'(")- 
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In order to calculate ^ log T(C(u)), introduce the zeroth order differential op- 
erators Afe(O): 0'=(M; S) n''{M; £) defined by 

{{uj,uj'))o{u) = {{Ak{u)u,Lu'))o{0) 

and consider the zeroth order pseudo-differential operator 

Bk{s + s'; u): H,+,,{0){A''{M; £)) ^ if,+,,(0)(A'=(M; £)) 

defined by 

Bk{u) = Bk{s + s',u) := {M + A,{u)r^'+''^Ak{u)-'^{Ak{u){ld + A,{u)r+'^') 

au 

so that the following identity holds 

-^{{U!,j))s+s'{u) = {{Bk{u)uj,Uj')) s+s'{0) ■ 

au 

Let Bk{s + s' , u) be the bounded operator in 
C{H,{0)iA^{M;£))®H,+,,{0)iA^{M;£))) defined by 



Bk{u) = Bk{s + s',u) := 





Bkis + s',u) 



Then we have, in view of (3.6), 

^(((wi,a;2),(a;i,W2))) = W2), (w'l, Wj))) • 

Proceeding as in [BFKM, Appendix 3], one obtains (cf. [BFKM, A3. 10]) in view 
of the fact that the complex C„ is algebraically acyclic, 

(3.7) £logT(CJ = -Fp,^orh)J^x^-^l j:{-l)''Tr{B,{u)e-^^(-))dx 

^ g=0 

where Aq(u) denotes the g'-Laplacian of C„ with respect to the inner product 
(3.6). 

By formula (1.23), 

where [ ^''Z^^^l^ ) is a nonnegative selfadjoint operator of trace class 



(s, s' sufficiently large). 
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By the remark after Proposftion 1.5 we conclude, in view of definitions (1.5) 
and (1.7), 

1 1 /•! " 

2 n^) Jo ^ 

1 1 /"^ " 

= - -Fp,^^—- x^-i^(-l)«rr(B,(t.)e-^'(")(Id-P,;„))cia; 

^ J- Jo ^^Q 

1 " 

+ -^(-l)«rr(B,(t.)P,;„) 

g=0 

= - l^Fp,=OT^J x^-i^(-l)«rr(S,(«)e--^'("Vx 

where Pq-u = Pq;u{{0}) is the orthogonal projector onto the null space of Aq{u). 
Introduce 

n 

(3.9) a{x;u) := ^(-l)«Tr(Sg(s; u)e-^^''(")) 

g=0 



= ^(-l)«Tr((Id + A,(«))- 



g=0 



A,(«)-i|-(A,(u)(Id + A,(u))«)e--^'H) . 



To investigate the right hand side of (3.8) introduce 

n 

(3.10) b{x; u) := E (-l)^^^^- (A,(n)-i (^^^^(w)) e-^<'(«)) . 
According to [BZ], 

1 /-i _ 
Pp^=o=n^ / x'' ^b{x;u)dx 
i l^) ./o 

is, in the case where /i(u) = /U is constant, given by 

(3.11) Jm ^(p, m) a £ecs(M, 9(0), giu)) 
and, when g'(u) =5 is constant by 

(3.12) -1/2 J,^ V{^x{0), ^i{u)) A e(M, g). 

Actually, in [BZ], these formulae are proven only for the case A = (D, but the 
same arguments work "word by word" for A arbitrary. 
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It remains to show that 

a{x; u) = b{x; u) . 

Prom the equahty 

^((Ici + A,Hr(Id + A,(u))-)=0 
and the commutativity of the trace, TrAB = TrBA, we obtain 



rr((Id + A,(w))-M,(w)-i^(A,(M)(Id + Ag(u))^)e-^'(")) 
= Tr(^,(u)-i(|-Ag(w))e--^''(«)) 

ds 

= Tr{A,{u)-\^A,{u))e-^^^^-^) + 



+ Tr((Id + A,(u))-« — ((Id + A,(u))-«)e-^^<'(")) 



< 00 . 



du 

+ sTr((Id + A,(u))-i|-(A,(t.))e--^<'(")) 
= Tr(A,(«)-i^^e--^'(«)) + s^Trf{A,iu)) 

where f{x, y) := - fr^dr. 

Since Ag(u) is selfadjoint and nonnegative one obtains, for a; > 0, 

POO pGO 

\\f{x,A,iu))\Ur:= A|/(a;,A)|diV^,(„) < / Ae-^WA,(„)(A) 
Jo Jo 

Therefore, f{x, Aq{u)) is of trace class for a; > and 

n n 

^(-l)«Tr/(x,A,(u)) = ^(-l)«Tr/(a;,A+(u)) + 

q=0 q=0 

n 

+ Y,{-iyTrf{x,A-{u)) 

9=0 

n 

= J2(~inTrf{x,A+{u))-Trf{x,A-_,)) 

9=1 

= 

where we used that A+ (u) and A~ (u) are isospectral and, therefore, 
Trf{x,A+{u))=Trf{x,A-{u)). 
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Thus, for any a; > 0, 

7 n 

a{x,u) = b{x,u) + s—^{-iyTrf{x,Ag{u)) 

" 9=0 

= b{x; u) . 

Combining this with (3.8)-(3.11), statement (i) in Proposition 3.1 and Proposi- 
tion 3.2 follows. ■ 

In the remainder of this section we investigate how the relative torsion depends 
on the triangulation. 

Suppose Ti = {h\,gi) and T2 = (/i2,.92) are two generalized triangulation which 
admit a common subdivision tq — {ho, go)- Recall from [BFKM, Subsection 6.3] 
that To is called a subdivision of ri if : 

(i) : Cr,(/ii) C Crgiho), {0 < q < n), W-{to) C W-{n), {x e Cr{h{) 

and 

(m) : W-(ri) = U^ecr(hi),xeiv-(ri)' 

where Crq{h,,) denotes the set of critical points of index q, of /i..., W~(ti) 
denotes the unstable manifold of a; e Cr{h\) with respect to the gradient flow 
— gradg^ {hi) and go = 9i,ho = hi in a neighborhood of the critical points of hi. 
Given x € Cr{ho), there exist unique elements xi £ Cr{hi), X2 € Cr(/i2) so 
thata;eH^-.(T,) (j = l,2). 

Introduce the function w = Wtq = w{ti,T2; tq): Cr{ho) — > H by setting 

(3.13) w{x) := logvol(T-^, o {T^^.^' 

where Tx^x, '■ (i = Ij 2) denotes the parallel transport along an arbitrary 

curve in W~.{Tj) joining x and Xj. Define u)ti,tq. = '^(ti, T2; tq) by 

(3.14) Ur,,r^ := E (-l)^°'^^''(^)w(a;). 

xeCr(ho) 

Notice that w(ti,T2;to) is independent of the choice of tq, i.e., 

(3.15) Oj{Tl,T2;fo)=Uj{Tl,T2\To) 

for any generalized triangulation tq = (/io,.go) which is a subdivision of tq. 
To see it, notice that for any y G Cr{ha). there exists a unique x G Cr{ho) 
with y e W-{to). Use that Ty% = T;^',x,T^% {j = 1,2) to conclude that 
Wfa (y) = {x) and thus 

E {-l)^'^''''^'^wM=Wro{x) E (-l)i"d«^(^^ 

veCr{ho)nW- {to) veCr{ho)nW- (ro) 
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As To is a subdivision of tq 



E 



(-1) 



index(3/) _ 



= 



2/eCr(/io)nW^-(To) 



we conclude that w(ti, T2; fo) = w(ti, T2; tq). Moreover, if n, T2 and T3 are three 
generahzed triangulation which admit a common subdivision tq, then 



Proposition 3.3 Assume that the generalized triangulations ri and T2 admit a 
common subdivision tq. Then 

(i) \0gTZ{T2) - l0g7^(Tl) = -Wti,T2 

(ii) If fi is parallel with respect to the canonical flat connection of £, then 
7?.(ti) = 'TI{t2) provided n and T2 have a common subdivision. 

Proof: Statement (ii) follows from (i) by noticing that w{x) = 0, V a; G Cr{ho) 
and thus w„_^2 = 0. 
To prove (i), notice that 



log7e(r2) - log7^(Tl) = (log7e(r2) - log7^(To)) + (log7l(ro) - log7^(Tl)) . 



In view of (3.16), it suffices to consider the case where T2 = tq. The sub- 
division r2 can be obtained to be a sequence ti = ai,...,(TN = T2 where 
cTj+i = {hj+i,gj_^_i) is a subdivision of crj = {hj,gj) with Cr{hj+i) = Cr{hj) U 
so that there exists zj G Cr{hj) with Xj+i,yj+i G and 
indcx(a;j+i) = indcx(zj) ~ indcx(yj_|_i) + 1. Recall that W,^^ denotes the un- 
stable manifold associated to x and the gradient flow —giadgMj. In view of 
(3.15), it suffices to consider the case where T2 = ^2- To ease notation, we write 
T Ti = {hig[), a := T2 = (/i2,52) z := Zi, x' := X2, y' := 2/2- Then, with 
go = index(2;) 



(3.16) 



+ UJ. 



LU. 




Crg{hi) q^q',q'-l 
CrMU{y'} q = q'-l 
CrMu{x'} q = q' 



Consider the following commutative diagram 



Ints(T) 



H,{A{M,£)) 



C{r) 



Int^a) \ 



C{a) 
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where Ag (0 < g < n) is defined as follows: for a section s GT{£ \crgh2) a^nd a 
critical point x e Crq{h\), set 

A,{s){x):= Ty,{s{y))- 

where Ty^: £y denotes the parallel transport from y to x along a curve in 

W~ = W^{t). The map ^ is a morphism of cochain complexes of ^-Hilbcrt 
modules of finite type which induces an isomorphism in algebraic cohomology. 
As Intg and A are of trace class, we then conclude from Proposition 1.15 that 

log7^(T) = log7^(a) + logT(C(A)) . 

Thus the claimed result follows once we show that 

(3.17) logTiCiA))=Lu^r- 

Formula (3.17) can be verified, using a localization argument; Notice that if /i 
is parallel, (3.17) holds as ujcrr — and, using that log7?,(r) = log7?,(a) = by 
Theorem 0.1, logr(C(.4)) = log7e(T) - log7^(CT) = 0. 

Further, if £ admits a Hermitian structure /io which is parallel, then (3.11) 
remains valid. Indeed, consider the following commutative diagram 



C(a,/x) 
Ido-,([i,([to 



c{T,^x) 

Idr,([i,([io 

C(t, Ho) 



C(<7,/io) — 

Then, according to Proposition 1.12, 

logT(C(Id„,^,^J) +logT(C(A,Mo)) = logT(C(A,Ai)) +logT(C(Id,,^,^J) . 
By Proposition 1.14, () = 1,2) 

logT(C(Id,,^,^J) - logr(C(Id,,^,^J) 

= ^(-l)'^logvol(Id,;,,^,^J 



^(-l)9l0gV0l(Id,,,, 



E (-l)^"^""(^^logvol(Id,„„J 
- E (-l)^"^^"(^^logvol(Id,„„J 



yeCrihi) 



51 



= (-l)i"'ie^(^')logvol(Id.,,,,J 
^(_l)index(y')iogvol(Id,,,,,,,J. 

Combining the above equalities with logT(C(A, /xq)) = we obtain 
logT(C(A,M)) = (-l)i'^'l^^(^')logvol(Id,,,^,^J+ 

+(_iyndex(,')iogvol(Id,,,,,J. 

Observe that 

logvol(Ida,',^,^J = logvol^(r3:',2') + logvol(Id2',^,^J 
and, similarly, 

logvol(Idy/,^,^J = logvol^(Ty/,^J + logvol(Id^/,^,^J . 
As index(a;') = mdex{y') + 1, this leads to 

iogr(C(A,M)) = (-i)i^'i^^(^')iogvoi4r,,,o 

+ (-l)i^'i«^(^'hogvol^(r)y'^') 

which establishes (3.17) in the case where £ admits a Hermitian structure which 
is parallel. 

Now use a standard localization to conclude that (3.17) is true in general. ■ 

4 Proof of Theorem 0.1 

4.1 Outline of the Proof of Theorem 0.1 

We first prove Theorem 0.1 in the case the Riemannian metric g is the same 

as the metric g' of the generalized triangulation t = {h, g') and the Hermitian 
structure ji is r-admissible, i.e. there exists a neighborhood Uh. of the criti- 
cal points of h so that on Uh, n is parallel with respect to the canonical flat 
connection on £" ^ M. 

Prom Theorem 2.9 we know that 

(A) \og'R,{t) = log7?.-|- /q ^ logTZ{t)dt is an affine function oft, 

hence log TZ{t) has an asymptotic expansion with log IZ as the free term. 

Recall from the proof of Proposition 2.1 (iii) that, for t sufHciently large, 
{Ho{A{M; £)), d{t)) is the direct sum of two subcomplexes. 
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{Ho{A{M;£)),dit)) = {n,m{t),d{t)) © iHo,ia{t),d{t)) 

where 

Hk;o,ia{t) = (Id—Qk{t))(Hk-o) and Qk{t) denotes the orthogonal spectral projec- 
tor Qk{t) : Hk-o — * Hk:o of the k-Laplacian Ak{t) corresponding to the interval 
[0,1]. Notice that f7^„j(t) consists of smooth forms and that (Ho,ia{t),d{t)) is 
an algebraically acyclic (^-regular complex of sF type. Notice also that 
(0,sm{t),d{t)) is a (^-regular complex of finite type for t large enough. The fi- 
nite type property follows from [BFKM] Theorem 5.5. Denote by gs,sm{t) the 
restriction of gs{t) to fls„i{t). This is a morphism of trace class ioi s > ^ + 1 
since gs{t) is of trace class by Proposition 2.5. We have the following short exact 
sequence of algebraically acyclic, ^-regular complexes of sF type, 

(4.1) ^ C{gs,sm{t)) ^ C{gs{t)) ^ Ho,ia{t) ^ 

where 7, resp. P, is the obvious inclusion, resp. projection. One verifies in 
a straightforward way that (4.1) satisfies the assumptions in Lemma 1.14 and 
therefore, with 

(4.2) Tlsmit) := T{C{gs,sm{t))), 
we obtain the decomposition 

(B) log7^(^) = logTZs^it) + logT{Hnja{t)). 
For consistency with the notation in [BFKM] we write 

logT;„(i) :=logT{Ho,ia{t))- 

The two terms, logTZsm{t) and \ogTia{t)), will each be treated separately. To 
obtain an asymptotic expansion of logTZsm{t) as t ^ oo, we proceed in two 
steps. Recall that f{t) is given by the composition 

fit) : {n,,^{t),d{t)) C {n,d) (c,5). 

We show in subsection 4.2, Proposition 2.1 (i) that 

7^«™(^) = T{C{f{t))). 

The morphism f{t), unlike gs,sm{t), can be studied using the Witten-Helffer- 
Sjostrand theory (cf [BFKM, section 5]). We show in subsection 4.2, Proposition 
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4.1 (ii) that logT(C(/(i))) has an asymptotic expansion which we calculate up 
to terms of order 0(j). Proposition 4.1 implies that: 

(C) logTZsm{t) admits an asymptotic expansion for t ^ oo of the form 

logUamit) = dim Sx{Y.j{-iyjmj)t 

- (E,(-lP(?-iK dim £,)log(f) + 0(i). 

Concerning logTia{t) In section 4.2 we will establish : 

(D) (i) \ogTia{t) admits an asymptotic expansion as t ^ oo and 

FTt=ocilogTia{t)) = -FTt=o^ilogn,m{t)) + I a 

J M 

where a is a local density on M which vanishes in a neighborhood of the critical 
points of h.. 

(ii) If ^ is parallel with respect to the canonical flat connection, jj^ a = 0. 

The results (A)-(D) prove Theorem 0.1 in the case where g — g' and n is r- 
admissiblc. Theorem 0.1, in full generality, follows when (A)-(D) are combined 
with {E) below: Let gi and 52 be two Riemannian metrics of M and fii , H2 two 
Hermitian structures for £ ^ M. Denote the corresponding relative torsions by 
^(ffiiMi) and TZ{g2,l-i2)- Propositions 3.1 and 3.2 imply that: 

(E) (i) loglZigi, IJ.1) -log'Jl{g2, IJ-2) = Jm 
where Og^^g^.f^^.^^ ^ ^^cal density on M. 

(ii) If ^ is parallel with respect to the canonical flat connection, or dimM is 

odd, then (lgi,g2,/:il,(U2 =0- ■ 

4.2 Asymptotic expansion of logTZsmit) 

In this subsection we prove the statement (C) in subsection 4.1. By the Witten- 
Helffer-Sjostrand theory, f{t) := Int-e*'^ is an isomorphism of cochain complexes 
for t sufficiently large. Therefore the mapping cone C{f{t)) is an algebraically 
acyclic, C-regular complex of sF type and thus admits a torsion, T{C{f{t))). 

Proposition 4.1 Fort sufficiently large, 
(i) logTZsmit) =logT{C{f{t))y, 
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(a) logT(C(/(i))) admits an asymptotic expansion for t ^ oo of the form 

logT(C(/(i))) = dim £.(E,(-1)^>.)* 

- (E,(-ir (5 - iK- dimf.) log(f ) + 0(i) 

where rUg denotes the number of critical points of index q of the Morse function 
h. 

Proof (i) Notice that the morphism f{t) is equal to the composition (s > n + 2) 

(4.3) {n,Ut),d{t)) H,{A{M-£)) C(M,r,^) 
whereas gs,sm{t) is given by 

(4.4) {nsm{t),d{t)) C {HoiA{M;£)),d) (^+{3"^'' {H,{A{M;£)),d) 

ciM.T.r). 

By Proposition 2.5, Ints is a morphism of trace class, multiplication by e*^ 
is a morphism of trace class as Vlsm{t) is a cochain complex of finite rank (cf 
Examples 1.6) and (A + Jd)""/^ is an isometry. Each of them induces an 
isomorphism in algebraic cohomology (cf Proposition 2.1). Therefore we can 
apply Proposition 1.15 to (4.3) and (4.4) to obtain 

(4.5) logr(C(/(i))) = logr(C(ef )) + log T(C(/ni,)) 
and 

(4.6) \ogT{C{gs,smm = logT(C(e*'^)) +logT(C(Jni,(A + Jd)-«/2)). 

In view of Proposition 1.16 and the fact that (A + Id)~^/'^ is an isometry we 

conclude that 

(4.7) logT(C(/nf,)) = logT(C(Jnf«(A + Id)-'/^)). 
Further, e*'' = lusfi ef^ is a morphism 

in,^{t),d{t)) ^ H,{A{M;£)) Ho{A{M-£)) 

with lusfi and e*'* being both morphisms of trace class and inducing isomor- 
phisms in algebraic cohomology (cf Proposition 2.1). Thus, applying Proposition 
1.15 once more, we obtain, in view of Proposition 2.3, 

(4.8) logT(C(e*'^)) = logT(C(ef )). 

Combining (4.5) - (4.8) leads to the proof of statement (i). 
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(ii) Recall from [BFKM, section 5.2] the following commutative diagram (for t 
sufficiently large) 

(4.9) $+o(i)\ im 

{C,5) 

where $ is a morphism which is an isometry, S{t) is scaling morphism given 
by Sk{t) := e~*'°(j)^~2 , and a = a{t) is chosen so that the diagram above is 
commutative, a{t) = e*( j)^/^. 

For t sufficiently large, S{t), ,f{t), $ + 0{j) are isomorphisms of cochain comple- 
xes. Thus, by Lemma 1.11, the mapping cones C{^ + 0{j)),C{S{t)) and C{f{t)) 
are algebraically acyclic. By Proposition 1.15, 

logT(C($ + 0(i))) = \ogT{C{S{t))) + logr(C(/(t))). 

Using Proposition 1.12, one verifies that log T(C(/d + 0(i))) = 
Therefore 

(4.10) logT(C(/(i))) = -logT(C(5(i))) + 0(i). 
By Proposition 1.12, 

\ogT{C{S{t))) = E(-iy(log5i(i))dim 0,„(t),- 

= E(-iyiog(e-«(f)5-4)dim n,^{t)j 

Notice that dim Q,sm {t)j = rrij dim £x where ruj is the number of critical points 
of h of index j. In view of (4.10) we obtain 

logC(/(i)) = {Ei-^Yjmj dim f,)i 

-(E(-lV(f -i)"iidim f,)logf +0(i). ■ 



4.3 Asymptotic expansion of logT;o(t) 

In this section we prove the statement (D) in subsection 4.1. As logT;a(t) = 
\ogTZ{t) — logTZ{t) and in view of Theorem 2.9 and Proposition 4.1 logTio(t) 
admits an asymptotic expansion for t — > oo. 
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The arguments to prove (D) follow closely the ones in [BFKM, section 6.2]: 
we will derive statement (D) from a relative version of this statement , Theorem 
4.2, and from the validity of (D) in some simple cases. 

We consider systems T := (M", ^, V, /x, gf, r), where , V) is a bundle of A 
-Hilbcrt modules equipped with a flat connection, /i a hcrmitian structure, g a 
Riemannian metric and t = (h, g' = g) a, generalized triangulation with the met- 
ric asg' = g and we suppose that /z is admissible with respect to r, i.e there exists 
an open neighborhood Uh of the critical points so that on Uh, fi is parallel with 
respect to the connection V Introduce Vj^{t,e) := ^ log(Ag(t) -he). 

Proposition 4.2 For any e > there exists a smooth density a^(e) on 
M\Cr{h), which is polynomial in e and a local quantity in the sense of [BFKM] 
section 2 so that the following statement hold: 

(i) If T' := (Af", 8, V, /i, g, r-p) denotes the system obtained from T by replacing 
the triangulation t — {h,g) by its dual td — {n — h,g), then 

(a) If F and T are two systems as above andT^J^ denotes the system defined 
by ^ ^ 

(g) :F := (M X M, f (g> f , V, /Lt (g) /i, 3 X 5, T X f). 
with V = V (8) id + id V, then 

(4.12) aj^^A^) = {aj.{e) ^e{M,g) + e{M,g)i^ a Ae))dimW, 
where e{M,g) denotes the Euler form of{M,g). 
(Hi) The density a^(e) vanishes on Uh — Cr{h). 

(iv) Assume T and T are two systems as above so that 'iCrq{h) = 'iCrq(h) (0 < 
q < n), and the bundles Z and £ have isomorphic A Hilbert modules as fibers. 
Then V^(t, e) — V^(t, e) has an asymptotic expansion with 

(a) FTt^^{V^{t, e) - V^t, e)) = Jj^ycr{h) ^A^) ' lM\Cr{h) "i-(^) 

(b) FTt=oo(logT;„(t)) - FTt^^ilogfUt)) = Jr^^CrW "^(0) - lM\CrCh) "#(0) 

Proof: We begin with the construction of the density Q:jr(e). Away from the 
critical points of h we choose a coordinate system for £" ^ M. In these coordi- 
nates we calculate inductively the quantities r'^_2_j{h, e; x, ^, t, /u), by the formu- 
lae 6.59 in [BFKM], from the symbol of the operator with parameter Ag(t) -|- e. 
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which is ehiptic with parameter (t) away from Cr{h) cf [BFKM] (3.2). We 
are interested in the quantity r'L2-n only. We use formula (3.4) in [BFKM] to 
obtain from r' 2-n the density ajr(/i, e) on M \ Cr{h). We define 

(4.13) a^(/i, e) := 1/2 qa%{h, e). 

Since by construction r'^2-n ^ polynomial in e of degree smaller that n so is 
aj^{h,e). 

(i) follows from the following homogeneity property (cf [BFKM] (6.60)): 
r-2-n{h, X, -t, IJ.) = (-l)"r_2-n(/l, X, ^, t, n) . 
and by a straightforward verification 

r_2-„(n - h,x,^,t,ii) = r-2-n{h,x,i, -t,n) . 

To prove (ii) we consider systems Q = (M , £, V, /x, g, uj), where M, £, V, /x, g 
arc as above and a; is a closed 1-form on M. A system T = (M", £, V, /i, g, t = 
{g, h)) gives rise to a system by taking iv = dh. For any such Q, define the 
Witten deformation by taking u) instead of dh and then the Witten Laplacians 
Afy(/:) for any real number t. If the 1-form lo has no zeros, Ag(f) is elliptic with 
parameter and the general theory in [BFKM] , section2 implies that for any fixed 
e > 0, Vg{t, e) := ^ ^^(— l)'+^glog(Aq(t) + e) has an asymptotic expansion for 
t ^ <xi, whose free term is Jj^ag, with ag a local density on M. Following 
[BMFK] section 2 this density is calculated in the same way as the density aj^ 
(using LU instead of dh). 

Since ^\M\Cr{h) is locally isomorphic to the restriction to an open set of a system 
Q = {M,£,'V,fl,g,oj) such that M is closed and u) has no zeros, it suffices to 
check (4.11) for ag and ag instead of a^r and a^r- 

For a system Q and u > 0,t > consider the operator 6""^"^*^ which is a 
smoothing operator and denote by Xq{u,t) the pointwise (von Ncwman)trace 
of the restriction of its Schwartz kernel to the diagonal. This provides a two 
parameter family (in u and t) of densities on M. Denote by 

X{u,t) := l/2^(-l)«+igA,(«,t). 

Q 

Define the smooth three parameter family, f]{s,t,e), of densities on M for real 
of s sufficiently large, 

(4.14) r?(s,i,e) = ^ u'-'e--^Xg{u,t)du. 

which by analytic continuation is holomorphic in s near G €. Denote by 
6g{t, e) the densities valued function in t and e, 
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ass=o 

For the system ^ 5, we can prove that: 

(4.15) 0g^g{t, e) = 6'g(i, e) (g) e(M, .g) dim W + e{M, g) ® 6'g(t, e) dim W. 

This can be derived as in the proof of Proposition 2.4 in [BFKM] from the 
foUowing facts: 

(i) : ^P®^{t) = /SP ® Id + Id » Af (t), 

whose proof is similar to the proof of Proposition 2.4 in [BFKM] and for ant t, 

(ii) : 7?(0, i, e = 0) = e(M, g) dimW, 

whose proof follows from the local index theorem of Bismut and Zhang. This 
takes care of (4.11). 

For(iii), wc use the locality of the density ajr(^e) and the explicit formula of 
Aq{t). In admissible coordinates in the neighborhood of the critical points Aq{t), 
is the same as Aq(t), for a product of systems Q with underlying manifolds of 
dimension one. Using (4.11) and the vanishing of the Euler form on M = i?, 

the result follows. 

(iv) a) is actually Proposition 6.6 in [BFKM] and (b) follows from Lemma 6.7 
of [BFKM]. 

Proof of statement (D): We want to apply Proposition 4.2. Set M := M, f := 
T,g = g, p the trivial representation of F = tti (M) on W. Then the associated 
bundle £ ^ M is trivial ; we choose fi the trivial Hermitian structure. Then 
by (2.15) and the equality of analytic and Reidemeister torsion for the trivial 
representation we have TZ = 1. Since \ogTZ{t) admits an asymptotic expansion 
by (B) so does logTia{t). Since the free term of the expansion of log'^ is zero, 
one obtains 

(4.16) FTt=oo ^ogfiait) = (Ej(-iy (f - i)mj dimf,) logTr. 

Statement (i) in (D) follows then from Proposition 4.2 (iv) . To prove statement 
(ii), observe that since /z is parallel with respect to the canonical flat connec- 
tion V, the Hodge * operator induces an isometry between L2{A'^{M;£)) and 
L2(A"-'=(Af;£)) operator and conjugates Afe(f) with A„_fe(-t). Thus Ak{t) 
and An-k{t) are isospectral and then by the definition of Vy^(t, e) we have : 

y^(i,e) = (-l)"+V^,(t,e) 

and 
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Therefore 



VAt,e)-V^it,e) = (-l)"+iy^(t,e)- (-ir+V^,(t,e), 



and thus by Proposition 4.2 (iv) we have 

FTt=oo logTi„(JF, t) - FTt=oo \ogTia{^, t) = 
= (-l)"+iFTt=oologT,„(:r',t) - {-l)^+^FTt=oologTia{^',t), 
Again by Proposition 4.2 (iv) 



/ a^(0) - / a^(0) = 

JM\Cr{h) JM\Cr(h) 



lM\Cr{h) JM\Cr(h) 

JM\Cr{h) JM\Cr{h) 

In view of (4.12), (D) (i) and 

h) JM\Cr{h) 

because ji is parallel one obtains 



/ = (-l)"+^( / a^,. 

JM\Cr{h) JM\Cr{h) 

Statement (D)(ii) follows by combining this last formula with Proposition 4.2 
(iv) ■ 



4.4 Proof of Proposition 0.1 



Consider the system {M"^ , p, g, ^i,t) ^ (M", A, .g, ^u, r), t = {h,g') 

and denote by X the vector field X := — grad^/Zi. X defines a smooth map 
X:M\ Cr{h) TM \ M. Denote by 

:= /3(Af, p, fi, g, r) = 9{p, /i) A X*{^{TM, g j) e f}"(M \ Cr(/i)). 

Observe that if /x is parallel in the neighborhood of Cr{h) both a^r, by Propo- 
sition 4.2 (iii), and vanish in the neighborhood of Cr{h). 

Proposition 4.2 (ii) and the equalities (3.1) and (3.2"") imply that for 
7(M, p, II, g, t) = a{M, p, ji, g, r) or /3(M, p, p, g, r) we have 



(4.17) 7(Mi X M2, pi (g) P2, gi X 92, Ml <^ M2, n X t2) = 
7(Mi,pi,fifi,/ii,Ti)x(M2)dim(>V2) + x(Afi)dim(>Vi)7(M2, P2, g2, M2, T2) 
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Choose a hermitian structure /xo which is parahel in the neighborhood of 
Cr{h). Introduce the quantity : 

S{W,p,ii,no,g,T) = log7^(M",p,/io,T) + 
+1/2 / P{M^,p,,jlo,t) - 1/2 / F(p,M,Mo)e(M,ff) 

JM\Cr{h) Jm 

Proposition 0.1 will be derived from the following four statements: 

(A) S{M^ , H, IJLQ,g,T) is independent of p, po, g,T. 
Therefore write S{M'^, p) instead of S{M'^, p, ji, po, 9, t). 

(B) : If p is unimodular then S{M, p) + (-l)"+i>S(M, p) = 0. 

(C) :S{M,p)^{-iy-+^S{M,pi). 

(D) : S{MixM2,pi(^P2) =5(Mi,pi)x(M2)dim>Vi+x(Mi)>S(M2l,p2)dim>V2. 

(A) follows cssentialy from Propositions 3.1-3.3. The independence on po follows 
froom (3.1)', (3.1)", (3.1)"' and (3.2)', the independence on p from Proposition 
3.2 and (3.2)" and the independence on g from Propositon 3.1. 
The independence on r can be checked out in the following way: One consider 
r' a subdivision of r so that only cells of r, lying in a contractible open set U 
are subdivided. One choose p = po parallel on U in addition of being parallel 
in a neighborhood of the critical points of h. Since ijJt,t' is zero in this case, 
S{M,p,..t)^S{M,p,..t'). 

If Ti and T2 are two generalized truiangulations, one can find a third triangula- 
tion, To, which is simultaneous subdivision of ri and T2. Since one can pass from 
Ti, z = 1,2 to To by a finite sequence of subdivisions each of them involving 
subdivisions of cells lying in a contractible open set, the result follows. 

To check (B) we choose p = po and 9{p, po) — O.ln view of the unimodularity 
this is possible. The result follows then from (3.2"') and Proposition 4.2 (i). 

To check (C ) on chooses again p = po. In view of (3.2"") it suffices to check 
that 

/ a{M,p,g,p,T,e) + {-lY [ a{M, p\g, p\Tv,e) = 

JM JM 

With the notation from Subsection 4.2 and in view of the fact that the q- 
Laplacian corresponding to (p, p, g,h) is conjugated by the Hodge star operator 
to the (n — q)-Laplacian corresponding to {p^ , p^ , g,n — h), the right hand side 
of the equality above is exactly 

(4.18) d^{h, e) := n/2 Eg(-l)'^+'«?.(^, e)- 

We proceed now as in the proof of Proposition 4.2 (iv). Given the system one 
chooses the system ^ with the same underlying Riemannian manifold {M,g) 
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the same triangulation t but with p the trivial representation over the same A 
Hilbert module and with /t a parallel hermitian structure. 

Introduce Wj^{t, e) :~ ^ log(Aq(i) + e). By the same arguments as 

in the proof of Proposition 4.2 (iv) (Mayer Vietoris arguments), we conclude 
that: 

(a) FT,^^iWAt, e) - W^{t, e)) = /^^^^(.^ S^e) /m\ck/.) 
The left side of the above equality is zero because 
WV(t,e) = X(M)dimwloge. 

In the right side of the equality the term J]Q[\cr{h)^:Fi^) = because both 

Im '^:f(^) ^^'i Im ^j" ^"-^ ^^"-^ ^"^^ '^'^ trivial representation and a parallel 
hermitian structure (5^ = (a^ + (— l)"a^,. 

Consequently JM\cr{h) ^-^C^) ~ ^ whenever n is parallel near critical points. 

( D) follows from (4.17) by taking fi = /zq. 

Proposition 0.1 reduces to the verification that S{M,p) = 0. 

Note that when p is isomorphic to p", hence also unimodular, the result 
follows from B and C. 

If x(M) — 0, choose M' an even dimensional manifold with nonzero Euler 
Poincare characteristic and with the same fundamental group as M and choose 
the representation p' = pK By (D) we have 

= S{M xM',p^ p«) = S{M, p) ■ x(M') dim(>V) 

since p® p^ is isomorphic to itself. Hence the result is true if x{^) = 0- 

Suppose x{^l) 7^ 0- For any M' with the same fundamental group as M and 
p' = p^, by the same argument as in the case x(M) = one concludes (from D) 
that 

5(M',p«) = -5(M,p).^. 

This implies that for any closed manifold with fundamental group T , S{AI, p) = 
x(M) • F(p, r)), where F(p, F) depends only on the representation p up to 
isomorphism. If p is isomorphic to its dual then by (B) and (C) F{p, T) = 0. 
■ 

It will be shown in a forthcoming paper that in view of " harmonicity" of 
iS(M, p) when viewed as a real valued function on the space of representations 
( a complex infinite dimensional space), the function F is identically zero. ■ 

Appendix A Lemma of Ccirey-Mathai-Mishchenko 
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In this Appendix, we prove Lemma 1.14, using a deformation argument. 

and obtain in this way a 



Introduce fq{t) := tfq and dq{t) := 
complex (C*,rf*(f)). 



dl,q tfq 
d2,q 



By the same arguments as in the proof of Lemma 1.10 one concludes that 
(C*, is an algebraically acyclic, ^-regular complex of sF type. 

Therefore, (C*, dx{t)) has a well defined torsion T{t) := T{C*, given by (cf 

(1.21)) 

logT(i) = ^^(-l)«logdet(d;(t)4(i)). 

If ^logT(i) = 0, then 

logT(C) = logT(l) = logr(O) = logr(Ci) +logT(C2) 



where for the last equality we have used that dq{0) 



dl,q 



d. 



2,g 



and there- 



fore Ag(0) 







A2,g 

The remaining part of this Appendix is devoted to the proof of the statement 

|logT(t)=0. 

Introduce the Hodge decomposition of C^C^ = ©C^-(j = 1,2). The differ- 
ential dj^q then have the form 



-^3,q 









Further, decompose Cq 
(A.l) 



c, = ci+©ci-®c2+®c2-. 



Then, dq{t) can be written as 







( 


^1,9 


OLq 


Hq \ 


dqit) 










Sq 





















^ 








/ 


tOtq , I3q — 


i/3 


3' ^9 


= tiq 


and 


Iq = tii 



we deduce 
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(A.2) di,,+i£g = 0; £9+1^2,, = 0; 
(A.3) ^i,,+i79 + = 0- 

As and are acyclic, and ^2,9 are isomorphisms, and (A.2) and (A.3) 
imply 

(A.4) eg = 

(A.5) 7q = -rfr;J+lQ!g+lrf2,g- 

Next, let us describe the Hodge decomposition of C* =: C+(f) ® C~(f) of 
(C*, (i*(t)). 

Lemma A.l 

(i) C+ = Kerdg = {{x+ - d[^gagy+,y+,0)\x+ G C\^; y+ G C^+j 

(ii) C- = Ker{dl_^) = {(0,x_, (dr>g)*a;_, j/_)|a;_ e Ci"; y_ € C^"}. 

Proof The statements follow from a straightforward verification. ■ 

We want to compute the t-derivative of logT(t) = i logdet(d*(i)d^(f)). 
Notice that 



As / is a morphism of trace class (cf Definition 1.10) we conclude that ■^d*dq{t) 
and therefore -^d^{t)dg{t) are of trace class. In view of Proposition 1.3 and the 
fact that {d*{t)dj^t))-'^ is bounded we deduce that ^(c!*(t)dg(i))(d*(i)dg(i))-i 
is of trace class. Therefore 

|logdet(d*(i)d,(t)) = Tr(|(d;(t)4(t))(rf*(i)4(i))-i). 
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(A.6) 



Tr(|(d!(i)d,(t))(d;(t)4W)-^) = 

= Tr{{id^{t))d^{t)-')+Tr{d^{t)-'id^{t)) 

= 2ReTT{{f^d^{t))dq{t)-^). 



It is convenient to introduce Dq := dq{t) and denote by D ^ the operator given 



OandD-iU^ =d^{t)-\ 



(A.7) Tr{D-^f^Dq) = Tr{d^{t)-^ f^dq{t)). 

With respect to the decomposition (A.l), and t)q = -^Dq {Dq is indepen- 
dent of t) take the form 



d: 



( ^11 


A12 


Alz 


^14 


\ 


A21 


A22 


A23 


A2i 


A31 


Az2 


^33 


Am 




V 


Ai2 


A43 


A44 





f aq 





V 



/3, \ 


/ 



Thus 



/ 


"9^31 + PqAil 


* 


* 


* \ 




* 




* 


* 
















V 











/ 



DqD-' 



and 

(A.8) Tr{DqD-^) = Tr(d,A3i + 4^41) + Tr(7,^42). 

Lemma A. 2 (i) A41 = 0; 

(ii) {-A42 di^l+ittq+i + A43) =d2^l; 

(iii) Ai2 = -A43(d]"_J+iQ;,+i)*; 

(iv) d2^l = A43{{d^^l+iaq+i)*{i[^l^-^aq+i) + Id); 

(v) A42 = (d^;J+iag+i)*(rfrj+ia,+i))-Hdi;g+iag+i)*; 

(vi) 7,^42 =Ci+iag+iU<^+ (c^ri+ia9+i)*(c'r,g+ia«+i))"^(C,g+ia9+i)*- 
Proof (i) Take x = {x+,0, 0, 0) e C,. By Lemma A.l, x e C++i. Then 





a<j 






Mil 




/ * 


\ 








7, 




^21 X+ 














-2,9 




A31 x+ 




-2,9 


A41 x+ 


\0 





y 




\ A41 x+ J 




^ 


J 
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and therefore = ^2,9^41^+- ^2,9 is an isomorphism we conclude that 
Aiix+ = 0. 

(ii) Take a;(0, 0, 0, ?/_) £ Cq. By Lemma A.l, x S C~ . Then 

a; = D-^DqX = £>-i(/3,y_, 7_, d2,g2/-, 0) = 

In view of (i), An = and thus 

(A.9) (A42 79 + ^43 4,,) y- = y-- 

Recall that 7^ = — c?i",g+iQ;g+id2^g and substitute into (A.9) to obtain (ii). 

(iii) As D~^\q- = and in view of Lemma A.l, 

= D-\0,x_, (dri+iag+i_)*a;_,0) = 

= {*,*,*,A42 X- +A43 {d[^q_^_iag+iyx-). 

Thus Ai2 + A43(dj~^_|_iag+i)* = which proves (iii) 

(iv) follows from substituting (iii) into (ii). 

(v) Notice that Id+ {di q_^_iaq+i)*{di q_^_iaq+i) > Id is invertible and therefore, 
we can solve (iv) for ^43. Substituted into (iii) we obtain (v). 

(vi) Substitute 7, = ~di^q+iCtq+id2,q i'^to (v) to get (vi). ■ 
Lemma A. 3 

(i) Q!,^3i +^i,g^2i = Id (on Clg), 

(ii) = {d[^laq)*A2i; 

(iii) A21 = {Id+{dllaq){d-['^aqr)-'dll; 

(iv) aqAsi = dq{d^^laqy{Id+{dllaqM^^laqy)-^d^^g. 

Proof The proof of Lemma A. 3 is similar to the one of Lemma A. 2. ■ 
Lemma A. 4 

(i) JZ^i-imDqD-^) = 0; 

(ii) ^logdetT(t)=0. 
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Proof (i) Substituting Lemma A. 2 (i) and (vi) as well as Lemma A. 3 (iv) into 
(A.8) leads to 

Tr{DgD-^)=Tr{agA3i) + + Tr{%A42) 

=TrK(dr>,)*(j(i + (dr,ja,)(dr>g)*)-'dri 

where for the last equality we have used the fact that Tr{AB) — Tr{BA) and 
{Id + AA*)-^A* = A*{Id + AA*)-'^. Thus with rjg := Cj^g 

E,(-l)«Tr(I)gi?-i) = j:i-^rTriagV*giId + w:)-'d^,l) 
= 0. 

(ii) follows from (i) and (A. 6). ■ 

Appendix B Determinant class property 



In this appendix, we discuss the concept of determinant class and provide ex- 
amples of pairs (M, /?) which are not of determinant class. 

Recall from [BFKM] that given an AHilbert module W and (p e Ca{W) an 
operator which satisfies Opl — Op6, one says that is of determinant class iff 

/ lnXdF^^^{X) < oo. 
Jo+ 

Here \(p\ = {(p* ■ ipfl"^. 

It is not difficult to provide morphisms </? which are not of determinant class. 
For example for A = H{TL) and W = ^^(Z) = L'^{S^;<^), = M/Z, the mul- 
tiplication by a fimction a S L°°(S'^,(D) defines an clement Lp = Ma G Cj,{W) 
which satisfies Opl — OpQ. Take a : [0, 1) ^ € defined by a{x) = exp(— l/a;^).As 
F\,f\{X) = n{{x G [0, 1], \a{x)\ < A}), where IJ,{X) denotes the Lebesgue measure 
of the set X, one can see that for ip = Ma F\^\{X) = — (logA)^/^. This integral 
is not convergent. 

Consider (if, r, p, p) where {K^ r) is a CW complex with finitely many cells 
in each dimension, p is a representation of the group tt = iti{K) on the A- 
Hilbert module of finite type W, and is a Hermitian structure in the flat 
bundle £ K. induced by p. 

We say that (if, r, p, p) is of c-detcrminant class (cf [BFKM]) iff the associate 
cochain complex of .A-Hilbert modules of finite type C* {K, r, p, p,) is of determi- 
nant class (cf [BFKM] ), i.e. 6i, or equivalently the combinartorial Laplacians 
^comb^ are of determinant class for all i. 
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We also say that (M, g, p, /x), with (M, g) a smooth closed Riemannian man- 
ifold and (/>, /i) as above, is of a- determinant class if the de Rham complex 
rj*(Af, p) of A- Hilbert modules whose Hilbcrt module structure is given by the 
scalar products induced by g and /i, is of determinant class, i.e di, or equivalently 
the Laplacians A^, are of determinant class. 

It was shown in [BFKM] (actually only for /i parallel, but the same argu- 
ments remain valid in the generality presented here) that the c-determinant 
class property is independent of r and /z, the a-determinant class property is 
independent of g and /i and both properties arc homotopy invariant. Moreover 
for a compact manifold, possibly with boundary, the a-determinant class prop- 
erty holds iff the c-determinant class property holds. Therefore the determinant 
class property is a homotopy invariant for a pair [K^ p) with K a compact space 
of the homotopy type of a CW complex, which can be defined both analytically 
and combinatorially. 

If p is a representation of F, induced by a homomorphism tt : F — > G, G a 
countable discrete group, on the J\f{G)- Hilbert module W = i^(r), then {K, p) 
is of determinant class when G is residually finite or G is ameanable. Recently 
B.Clair [C] has verified the determinant class property when G is residually 
ameanable group. 

A representation p:-K\{S^) = ^ — > £^^^^(L^(S'^;(D) is determined by 
Assume that is the operator AAi+a given by multiplication by 1 + a where 
a e Consider the cochain complex induced by p and the generalized 

triangulation r = {h, g) with h{t) = cos(2i^t)+i ^ standard metric. As 
the triangulation r has one 0-cell Eq and one 1-cell Ei , the cochain complex is 
of the form 

where 5{Ea) = Ei-Mi+aEi = -MaEi. Therefore, logTcomb = 5 logdet6*S = 

i log detQ:*Q:. 

Observe that (M, p) is of determinant class iff is of determinant class, there- 
fore for a{x) = exp(— as indicated above {S^,p) is NOT of determinant 
class. We point out that the regular representation of 'E corresponds to the 
function a{t) = exp(27rit) — 1. 
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